MOTION IN A PLANE

4.1  NEED FOR VECTORS

1. Briefly describe the necessity for intreducing the
- concept of vectors.

Need for vectors. In one-dimensional motion, only
two directions are possible. So the directional aspect of
the quantities like position, displacement, velocity and
acceleration can be taken care of by using + and —signs.
But in case of motion in two-dimensions (plane) or
three dimensions (space), an object can have a large
number of directions. In order to deal with such
situations effectively, we need to introduce the concept
of new physical quantities, called vectors, in which we
take care of both magnitude and direction.

4.2  SCALARS AND VECTORS

2. What are scalar and vector quantities ? Give examples.

Scalar quantities. The physical quantitics which have
only magnitude and no direction are called scalar quantities
or scalars, A scalar quantity can be specified by a single
number, along with the proper unit.

Examples : Mass, volume, density, time, temperature,
electric current, etc.

Vector quantities. T plivsical quantities which have
both magnitude and direction and obey the laws of vector
addition are called vector quantities or vectors. A vector quantity
is specified by a number with a unit and its direction.
Examples : Displacement, velodity, force, momentum, etc.

3. Give some points of difference between scalars
and vectors.

Scalars Vectors
1. Scalars have only Vectors have both magni-
magnitude, fude and direction.

2. They change if their
magnitude changes.

They change if either
their magnitude, direc-
tion or both change.

They can be added only

by using special laws of
vector addition.

3. They can be added
according to ordinary
laws of algebra.

4.3  REPRESENTATION OF A VECTOR

4. With the help of a suitable example, explain how
is a vector quantity represented.

Representation of a vector. A vector guantity 1s
represented by a straight line with an arrowhead over it. The
length of the line gives the magnitude and the
arrowhead gives the direction. Suppose a body has a

velocity of 40 kmh™' due east. If 1 cm is chosen to
N

Tail

Head

0 A
g

Fig. 4.1 Representation of a vector. i
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represent a velocity of 10 kmh™, a line OA, 4 cm in
length and drawn towards east with arrowhead at A
will completely represent the velocity of the body. The
point Ais called head or terminal point and point O'is
called tail or initial point of the vector OA (Fig. 4.1).
In a simpler notation, a vector is represented by
single letter of alphabet either in bold face or with an
arrow over it. For example, a force vector can be
—p
represented as F or F.

44  POSITION AND DISPLACEMENT VECTORS

5. Distinguish between position vector and displace-
ment vector.

Position vector. A vector which gives position of an
object with reference to the origin of a co-ordinate system is
called position vector. Consider the motion of an object in
X-Y plane with origin at O. Suppose an object is at

-
point P at any instant {, as shown in Fig. 4.2. Then OPis
the position vector of the object at point P. The position
vector provides two informations :

() It tells the straight line distance of the object

from the origin O.

(if) Tt tells the direction of the object with respect to

the origin.

0 X

Fig. 4.2 Position vector.

Displacement vector. It is that vector which tells how
much and jn which direction an object has changed its
position i a Qiven Hne interwal. Consider an object
moving in the XY -plane. Suppose it is at point P at any
instant t and at point Q at any later instant ', as shown

—»
in Fig. 4.3. Then vector PQ is the displacement vector
of the object in time 1 to 1.

o

Fig. 4.3. Displacement vector,

4.5 POLAR AND AXIAL VECTORS

6. What is meant by polar and axial vectors ? Give
examples.

Broadly speaking, vectors are of two types :

Polar vectors. The vectors which have a starting point
or a point of application are called polar vectors.

Examples : Displacement, velocity, force, etc., are
polar vectors.

Axial vectors. The vectors which represent rotational
effect and act along the axis of rotation in accordance with
right hand screw rule are called axial vectors.

Examples Angular velocity, torque,
momentum, etc. are axial vectors.

As shown in Fig. 44, axial vector will have its
direction along its axis of rotation depending on its
anticlockwise or clockwise rotational effect.

angular

. Axis of
Axial vector rslation
Axis of Axial vector
rotation
Fig. 4.4

For Your Knowledge
4 The Latin word vector means carrier.

&\ The physical quantities which have no specified direc-
" tion and have different values in different direc-
tions are called tensors. For example, moment of inertia.

4.6 SOME DEFINITIONS IN VECTOR

ALGEBRA

7. Define and illustrate the following terms :

(f) Equal vectors (i1) Negative of a vector
(111) Modulus of a vector (iv) Unit vector

(v) Fixed vector (vi) Free vector
(vit) Collinear vectors  (viii) Coplanar vectors

(ix) Co-initial vectors (x) Co-terminus vectors.
(i) Equal vectors. Two vectors are said to be equal if

they have the same magnitude and same direction. In

Fig. 4.5, Aand B are two equal vectors:

> A 1 a vector is
% displaced parallel to
- itself, it remains equal to

itself.
Fig. 4.5 Equal Vectors.
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(if) Negative of a vector. The negative of a vector is
defined as another vector having th- same magnitude
but having an opposite direction. In Fig. 4.6, vector

—» -
A is the negative of vector B or vice versa,

Fig. 4.6 Negative of a vector.

(1)) Modulus of a vector. The modulus of a vector
means the length or the magnitude of that vector. It
is a scalar quantity.

Modulus of vector A =] A |=A

Unit vector. A unit vector is a vector of unit
magnitude drauwm in the direction of a given vector.
A unit vector in the direction of a given vector is
found by dividing the given vector by its
modulus. Thus a unit vector in the direction of

(iv)

vector A is given by

il A
[A]

A unit vector in the direction ot a given vector
is written as A and is pronounced as “A carat’
or ‘A hat’ or ‘A cap’.
Any vector can be cxpressed as the magnitude times
the wunit vector along its ownt direction.
A= AT'A
. 4’['1' L-'. The magnitude of a unit vector is unity. It
just gives the direction of a vector. A unit vector has
no units or dimensions.

() Fixed vector. The vector whose initial poril is faed
is called a fixed vector or a localised vector, For example,
the position vector of a particle is a fixed vector
because its initial point lies at the origin.

(vi) Free vector. A vector whose initial point is snol fixed
is called a free vector or a non-localised vector. For
example, the velocity vector of a particle
moving along a straight line is a free vector.

Collinear vectors. /i vectors which either act

along the same line or gloste parailel

(vif)
Hitrs avre called
callinear veciors having
the same direction (0 =0") are called ke or
parallel vectors. Two collinear vectors having the
opposite directions (0 = 1807 yare called wnlthe or
antiparallel vectors.

colltiear vectors. Twn

- >

(1) Like vectors

- . ' >

A
—-—-b-
B
—_—
A
—_——
B
_

(#) Unlike vectors

e —————— =

Fig. 4.7 Collinear vectors

(viil) Coplanar vectors. The vectors which act in the
same planie are called coplanar vectors.

(ix) Co-initial vectors. The vectors which have the

same itial point are called co-inmitial vectors. In

Fig. 4.8, .;l., B and c are co-initial vectors.

R
L7}

=y

Fig. 4.9 Co-terminus
vectors.

Fig. 4.8 Co-initial
vectors.

(1x) Co-terminus vectors. The vectors which have the
common  terminal point are called co-terminus

—» » »
vectors. In Fig. 49, A, B and C are co-terminus
vectors.

4.7  ZERO VECTOR AND ITS PROPERTIES

8. What 1s a zero vector ? Explain the need of a zero
vector. Give the important properties and physical
examples of zero vectors.

Zero vector. A zero or null vector is a vector that has
zevo maguitnde anwd an arbitrary direction. It is repre-
sented by 0 {arrow over the number ().

Need of a zero vector. The need of a zero vector
arises due to the following situations :

» . * -»

(n I A=RB thenwhatis A~ B?

(i) B = -2 then what is(a+p)A ?
cases the

In ail these resultant has to be a

vanishingly vector and not a scalar. Hence there is
need tor introducing the concept of zero vector.
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Properties of zero vectors :
() When a vector is added to zero vector, we get
the same vector
- Ll —%
A+0=A
(1) When a real number is multiplied by a zero
vector, we get a zero vector

L0 =0
(i) When a vector is multiplied by zero, we get zero
vector
0A=0

(fv) If & and p are two different non-zero real
numbers, then the relation
hA=pB
) — 2
can hold only ifboth A and B are zero vectors.
Physical examples of zero vector :
(i) The position vector of a particle lying at the
origin is a zero vector.,
(in) The velocity vector of a stationary object is a
zero vector.

(1if) The acceleration vector of an object moving
with uniform velocity is a zero vector.

MULTIPLICATION OF A VECTOR BY A
REAL NUMBER

9. What do you mean by multiplication of a vector by
a real number ? Illustrate it by some examples.

Multiplication of a vector by a real number. When

4.8

-5
a vector A is multiplied by a real number 2. we get

another vector & A. The magnitude of & A is Atimes the
magnitude of A If Ris positive, then the direction of
LA is same as that of A. If & is negative, then the
direction of & A is opposite to that of A. Fig. 4.10 shows

=\
multiplication of vector A by different real numbers.

_,J\’
A o —_—
B-2A B=-24
(i) (")

Fig. 4.10 Multiplication of a vector by a real
number when (a) . =2and (b) = = -2

Examples :
(1) If a vector Ais multiplied by real number 4 =2,

» » —
then we get another vector B such that B =2 A. As

shown in Fig. 4.10(a), the magnitude of g is twice the
magnitude of A while the direction of B is the same as
that of f; .

(i) 1If a wvector A is multiplied by real number

A = -2, then the new vector is such that B =2 A As
shown in Fig. 4.10(b), the magnitude of B is again

twice the magnitude of A but direction is opposite to
that of A.

10. How are the units of a vector affected when it is
multiplied by a scalar having units or dimensions ? Give
example.

Multiplication of a vector by scalar. If 1 is a pure
number having no units or dimensions, then the units

of . A are the same as that of A, However, when a
vector A is multiplied by a scalar % which has certain
units, the units of resultant & A are obtained by multi-

plying the units of A by the units of i For example,
when velocity vector is multiplied by mass (a scalar),
we get momentum. The units of momentum are obtained
by multiplying the units of velocity by units of mass.

49 ADDITION OR COMPOSITION OF
VECTORS

11. What do you mean by resultant of two or more
vectors ? Mention the various laws of vector addition.

Composition of vectors. The resultant of bwo or more
vectors is that single vector which produces the same effect as
the individual vectors together would produce. The process
of adding two or more vectors is called composition of vectors.

As the vectors have both magnitude and direction,
so they cannot be added by using ordinary rules of
algebra. Vectors can be added geometrically. The following
three laiws of vector addition can be used to add two or
more vectors having any inclination to each other.

(i) Triangle law of vector addition for adding two

vectors.

(11) Parallelogram law of vector addition for adding

two vectors.
(ii1) Polugon law of vector addition for adding more
than two vectors.

12, State and illustrate triangle law of vector addition.

Triangle law of vector addition. [f fzvo vectors can be
represevited both in magnitude and direction by the twe sides
of @ trizngle taken i the same order, Hhen their resultant is
represented completely, both i magnitude and direction, by
the third side of the triangle taken m the opposite order.
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Ilustration. Suppose we wish to add two vectors
Z and E as shown in Fig. 4.11(a). Draw a vector Lﬁ”
equal and parallel to vector A, as shown in Fig. 4.11(b).
From head P of O-;’, draw a vector Pré equal and
parallel to vector B. Then the resultant vector is given

by OQ which joins the tail of A and head of B.

(a) (b

Fig. 4.11 Triangle law of vector addition.

According to triangle law of vector addition,
00=0P + PO
— - —»
or R=A+B
13. State and illustrate parallelogram law of vector
addition.

Parallelogram law of vector addition. If fwo wectors
can be represented both in magnitude and direction by the
two adjacent sides of a parallelogram drawn from a common
point, then their resultant is completely represepted, both i
magnitude and direction, by the diagonal of the parallelo-
gram passing through that point.

Mlustration. Suppose we wish i add two vectors
A and B, as shown in Fig. 412(1). From a common

point O, draw a vector op equal and parallel to A and
vector O-b equal and parallel to B. Complete the
parallelogram OPSQ. According to the parallelogram
law of vector addition, the diagonal OS gives the
resultant vector R.

Thus

.

5 = 0P + O_b or

s

A
() (f)

e T .

Fig. 4.12 Parallelogram law of vector addition.

14. State and prove the polygon law of vector addition.

Polygon law of vector addition. If @ number of
vectors are represented both in magnitude and direction by
the sides of an open polygon taken in the same order, then
their resultant is represented both in magnitude and
direction by the closing side of the polygon taken in opposite
order.

, l_l’lu_s’tration; Suppose we wish to add four vectors
A, B, C and D, as shown in Fig. 4.13(a). Draw vector
oP = AL Move vectors .Ei., c and 5 parallel to
themselves so that the tail of B touches the head of A .
the tail of C touches the head of B and the tail of 5
touches the head of E’, as shown in Fig. 4.13(b).
According to the polygon law; the closing side OT of
the pol_yguur’l taken in the reverse order represents the
resultant R . Thus

R=.-"{+ B'+C¢D’

(@) ()

Fig. 4.13 Polygon law of vector addition.

Proof. We apply triangle law of vector addition to
different triangles of the polygon shown in Fig. 4.13(b),

INAOPQ  OQ=0P+PQ=A+R

In A OQ5, (5’S=OQ+QTS=K+§+E

INAOST, OT=05+ST=A+ B+ C+D
or E:.K+§+E+5.

This proves the polvgon law of vector addition.

15. Prove that the vector addition is commutative.

Vector addition is commutative. In Fig. 4.14, the
sides OF and OQ of a parallelogram OPSQ represent

- e .
vectors A and B respectively. According to parallelo-
gram law of vector addition, diagonal OS gives the
resultant. Thus

- = —
A+ B=0S
or OP + 00 = 05 T
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As OP=QS and OP|| QS, therefore

o

g

Fig. 4.14 Vector addition is commutative.

—— i i

Using triangle law of vector addition in A OQS, we
get

— — -
0Q+QSs=0S8
or - B+ A=05 (2)

From equations (1) and (2), we find that

L

A+ B=B+A
This proves that the vector addition is commutative.

16. Prove that vector addition is associative.
Vector addition is associative. Suppose three

vectors A, B and C are represented by the sides oPp,
P_b and QS of a polygon OPQS. According to polygon

law, OS represents the resultant R both in magnitude
and direction. Join Oto Qand Pto S.

——

Fig. 4.15. Vector addition is associative.

Using triangle law of vector addition,

In A OPQ, 00=0P+PO=A+ B

In A OQS, 05=00+Q5=(A +B)+C
(1)

In A PQS, PS=PO+QS=B+C

In A OPS, 05=0P+ P5= A+(B + C)

-2)

From equations (1) and (2), we find that
(r{‘r b:)T L:= A,-f-(b'.-r C’)
This proves that vector addition is associative.

17(a) Is the flying of a bird an example of compo-
sition of vectors ? Explain.

Flight of a bird. When a bird flies, it pushes the air
with forces F, and F, in the downward direction with
its wings W, and W The lines of action of these two
forces meet at point O. In accordance with Newton's
third law ot motion, the air exerts equal and opposite
reactions R, and R,. According to the parallelogram
law, the resultanr R of the reactions R, and R, acts on
the bird in the upward direction and helpa the bird to
fly upward.

(8]

Fig. 4.16 Flight of a bird.

17(b) Is the working of a sling based on the
parallelogram law of vector addition ? Explain,

Working of a sling. A sling consists of a Y-shaped
wooden or metallic frame, to which a rubber band is
attached, as shown in Fig. 4.17. When a stone held at
the point O on the rubber band is pulled, the tensions
T, and T, are produced along OA and OB in the two
wgments ot the rubber band. According to the parallelo-
gram law of forces, the resultant T of the tensions T,
and T, acts on the stone along OC. As the stone is
released, it moves under the action of the resultant
tension T in forward direction with a high speed.

— e ————

Fig. 4.17
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410  ANALYTICAL METHOD OF VECTOR

ADDITION

18. Two vectors A and B are inclined to each other
at an angle 6. Using triangle law of vector addition, find
the magnitude and direction of their resultant.

Analytical treatment of the triangle law of vector
addition. Let the two vectors A and B be represented
both in magnitude and direction by the sides OP and

P—é of AOPQ taken in the same order. Then according

to the triangle law of vector addition, the resultant K

is given by the closing side OQ taken in the reverse
order, as shown in Fig. 4.18.

Ed

Fig. 4.18 Analytical treatment of A law of
vector addition.
Magnitude of the resultant R. From Q draw QN
perpendicular to OP produced.
Then £ZQPN =8, OP=A PQ=8 0Q=R.
From right angled A QNP, we have
QN

«P~f=sin9 or QN = PQ sin = Bsin 8

and Liid =cos B or PN = PQcos 0= Bceos 8
PQ
Using Pythagoras theorem in right angled AONQ,
we get i .
0Q* = ON? + QN
=(0OP + PN)* + ON?
or R? = (A + Beos 8)* +(Bsin 6)
= A?+ B*cos”0+2 ABcos B+ B*sin> 0
= A%4 B"'(coszﬂ +sin>0) +2 ABcos 0
= A"+ B*+2 ABcos b
or R=JA2+83+2 ABcos 8

Direction of the resultant !_i Let the resultant R‘

make an angle p with the direction of A. Then from
right angled AONQ, we get

tanb=QN= ON
ON OP+ PN
or tan = Ssin

A+ Bceos B

19. Two vectors A and B are inclined to each other
at an angle ©. Using parallelogram law of vector
addition, find the magnitude and direction of their
resultant. Discuss the special cases, when (i) B =0°, (ii)
0 = 180° and (iii) 6 =90°.

Analytical treatment of the parallelogram law of

vector addition. Let the two vectors Aand B inclined
to each other at an angle 8 be represented both in
magnitude and direction by the adjacent sides op and
0Q of the parallelogram OPSQ. Then according to the
parallelogram law of vector addition, the resultant of
Aand Bis represented both in magnitude and direction
by the diagonal 05 of the parallelogram.

/N
o A B N

Fig. 4.19 Analytical treatment of parallelogram law.

Magnitude of resultant R.Draw SN perpendicular
to OP produced.

Then ZSPN=2ZQ0OP=6, OP=A P5=0Q=8
O5=R
From right angled A SNP, we have

5‘ ]

— =sinB or SN=PS5sint=8smnb

PN

= =cos® or PN=PScos=Bcos0

Using Pythagoras theorem in right-angled AONS,
we get
0S* = ON? + SN? =(OP + PN)* + SN*
or R* =(A+ Bcos 0)* + (Bsin 8)®
=A%+ B‘:(ms.2 0+ sin:t!) +2ABcos b
=A%+ B +2 ABcos 0

or R=\.'A2+B'-'+2ABL‘059

Direction of resultant R. Let the resultant K make
angle f§ with the direction of A. Then from right angled

A ONS, we get
tanﬁ=£=———S—N— or tanB=—-—B-s—"i.
ON OP+ PN A+ Bcos B
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Special cases. (i) If the two vectors Aand B are

acting along the same direction, 8 =0° Therefore the
magnitude of the resultant is given by

R=yA?+ B +2 AB.cos0°

=y +BF+248 .

= A+ B

R=A+ 8B

cos0° =1]

ar

~» Magnitude of the resultant vector is equal to the
sum of magnitudes of two vectors acting along the
same direction and the resultant vector also acts along
that direction.

e e
(if) If the vectors A and B are acting along mutually
opposite directions, 6 = 1807 and therefore,

R=y A%+ B +2 ABcos180°
~JA+F-248 |
R=(A- B)

Resultant is equal to the positive difference
between magnitudes of two vectors and acts along the
direction of bigger vector.

(1if) When the two vectors are acting at right angle
to each other, ® =90° and therefore, .

¢ cos 180° =—-1]

or

R= A% + B +2 ABcos 90°

= --‘f Az + Bz [

B sin 90® B
tanf=————— ==
B A+ Becos90® A

(4]

Exam

cos 90° =0]

Also

les based on

1. By triangle law or parallelogram law of vector

addition, the magnitude of resultant R of two
vectors P and a inclined to each other at angle 6,
is given by

R=\P+ Q@ +2PQcus 0

2. If resultant R makes an angle p with P, then
Qsin 6

t = —_
= Dcos o

"

cone 30 ms”
resultant velocity.

Exavir 1 ABCD is a parallelogram and AC and BD are
its dmg'uual: Prove that :

(i) AC + BD =2 BC and (i) AC - BD=2 AB

Solution. Using triangle law of vector addition in
Fig. 4.20,

Fig. 4.20
£ . =3 - =+ .
(i) AC+ BD= AB+ BC+ BC+CD
AB=-CD
— — . — —» -
AC+ BD=-CD+2 BC+ CD=2 BC.
() AC-BD= AB+ BC-BC-CD
~* A - -» —»
= AR ~CD= AB-(~AB)=2 AR

But

Exaviedr 2. A body is simultaneously given two velocities,

due east and other 40 ms™ ' due north. Find the

Solution. Let the body start moving from O, as
shown in Fig. 4.21.

afl = OT\ =30 ms '. due east
p, = OB =40 ms, due north
N

Fig. 421

=
According to parallelogram law, OC is the resultant
velocity.

Its magnitude is

| =
p= v’t’_,:‘ + v; =430° + 40° =50 ms L.
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Suppose the resultant velocity o makes angle 3

with the east direction. Then
tanp=2 =20 _13333
0OA 30
p=tan™" (1.3333)=53°8".

Exampre 3. A particle has a displacement of 12 m towards
east and 5 m towards the north and then 6 m vertically upward.
Find the magnitude of the sum of these displacements.

Solution. As shown in Fig. 422, suppose initially
the particle is at origin O. Then its displacement
vectors are

O_;ﬁ =12 m, due east
XB =5 m, due north

Ch=6 m, vertically upwards.

Vertical

Fig. 4.22

According to polygon law, OC is the resultant
displacement. From right AOAB,

OB=/0A? + AB® =|12% + 5
= f144+25=13m
From right AOBC,
OC = JOB? + BC? = 13% + 6
= /169 +36 =205 =14.32 m.

Exampre 4. Two forces of 5 N and 7 N-act on a particle
with an angle of 60° between them. Find the resultant force.

Solution. Here P=5N, Q=7 N, 8 =60°
The magnitude of the resultant force is
R=JP2+ Q2+2PQc059

= /5% +7% +2 x 5% 7 x cos 60°
=109 =10.44 N.

- or

If R makes angle f with the force I", then
Qsin®  7sin60°
P+QcosB 5+7cosb0°

B=tan ! 0.7132 =35°29,

ExayMrLE 5. Two vectors, both equal in magnitude, have

their resultant equal in magnitude of the either. Find the

angle between the two vectors. [Central Schools 04]
Or

Two equal forces have their resultant equal to either.
What is the inclination between them ? [Delhi 02]

Solution. Here P=Q =R

tanf = =0.7132

or

As R:=JP2+Q2+2PQC056
P=JP2+ P2 4+2P.Pcos®
or P% =2 P*(1 + cos 0)
or 1+cose=%
or cos 0 =— % =¢0s120° or 0=120°

ExavrrLe 6. Two forces whose magiitudes are in the ratio
of 3:5 give a resultant of 35 N. If the angle of inclination be
60°, calculate the magnitude of each force.  [Himachal 04]

Solution. Let P =3x newton, Q=>5x newton,
R=35N, 0=60°
) R=\/P2+Q2 +2PQcos B

BH= J(Sx)z + (5:()2 4+ 2 % 3x x 5x cos 60°

x=§=5
7

or

35=7x or

P=3x5=15N and Q=5x5=25N.

ExampLE 7. Two forces equal to P and 2 P newton act on a
particle. If the first be doubled and the second be increased by
20 newton, the direction of the resultant is unalfered. Find
the value of P.

Solution. Let the resultant make angle § with the

force P.

2Psin#
-, In first cast, t =—
- anp P+2 Pcos B
(2P+20)sin®
In d Il = : -
SO P T 2P+(2P+20)cos B
(2P +20)sin 0 2Psin®
Hence =
' 2P+(2P+20)cos® P+2PcosB
2Psin 6
or — e (B

_ 20sin 6 ,.& _ ¢ _a-c
P+2Pcos® P+20cos®
From the above equation,

2P =20

or P=10 N.
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Fxanere 8, The greatest and the least resultant of two Solution. Let the motorboat start moving from O, as
fur; es acting at a point are 29 N and 5 N respectively. Ifeach  shown in Fig. 4.23,
foree is increased by 3 N, find the resultant of two new forces.

. . v, = velocity of motorboat
acting at right angle to each other.

Solution. Let P and Q be the two forces. Then =25km h™", due north
Greatest resultant =P+ Q=29N (i) ?J: = velocity of water current
Least resultant =P-Q=5N () =10 km h~}, 60° east of sotith

On solving (i) and (i1), we get
P=17N, Q=12N
When each force is increased by 3 N, new forces are

By parallelogram law, the resultant velocity v is

equal to the diagonal oc.

N
p=P+3=174+3=20N
=Q+3=12+3=15N AL
As the new forces act at right angle to each other, - ..
their resultant is ; E P
R:V'pz-i»qz:\ 0% +15% =625 = e} - E
f 1
If the resultant R makes angle § with the force p, then v | B !
tni3=‘—'~~1—5~—075 W 120 &%, E
p 20 . :
or B =tan" ! (0.75) = 36°52'. 2 s 0
ExAnpLE 9. The sum of the magnitudes of two forces acting $ N
at a point is 18 N and the magnitude of their resultant is Fig. 4.23 )
12 N. If the resultant makes an angle of 90° with the force of "N ) )
smaller magnitude, what are the magnitudes of the two Its magnitude is e
forces ? ' [AIEEE 02] v= \/vg + vf +2v, v, cos 120°
. 3 -
Solution. Let the two individual forces be P and Q = \,[252 +10% +2x25x10(-1/2)
and 0 be the angle between them. Let P< Q. If the = 21.8 km b

resultant R makes angle B with the force I_;, then -
Suppose the resultant velocity v makes angle B

_Qsin 6
tan f = P+Qcos0 with the north direction. Then
But o p=90° . tan p = —¢ Si“m;;m =2510]"0(‘/§/2)2
ITQSH —é=tan90°=m or P+ Qcos0=0 ‘ v, + U, COS +10x(-1/2)
'+ Qcos
= ﬁ =0.433
Also P+Q=18N 4
5. % ' B=tan"!(0.433)=234°
As R=yP +0Q"+2 PQcos b =12
, ExampLE 11. On a certam day, rain was falling vertically
P24+ Q* +2PQcos 0 =144 with a speed of 35 ms™ ', A wind started blowin g after some
or P24 (18 - Py +2P(- P)=144 © time with a speed of 12 ms 1 in east to west direction. In
[~ Q=18-P,Qcos0=—P] which direction should a boy waiting at a bus stop hold his

umbrella ? [NCERT ; Delhi 02]

or P*4+(324+ P>-36 P)-2P* =144 )
Solution. In Fig. 4.24,

or 6P =180 : .
or P=5N and Q=18-5=13N. Velocity of rim,

Exasiree 1o, A motorboat is racing towards north at , 1_’; =0A=35ms"', (vertically downward)
25 kmh™ ! and the water current in that region is 10 kmh™ . Velocity of wind,

in the direction of 60° east of south. Find the resultant 1 — y
velocity of the boaf. INCERT] vy = OB=12 ms ", east to west.
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Vertical %
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w :1 78] E
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i Ux
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Fig. 4.24
The magnitude of the resultant velocity is

v= 02 + 03, =352 +12% =37ms™!

Let the resultant velocity o’ (= o‘i:) make an angle 6
with the vertical. Then

0= tan™ ! (0.343) = 19°.

Hence the boy should hold umbrella bending it
towards east making an angle of about 19° with the
vertical.

Example 12. A river 800 m wide flows at the rate of
5 kmth~T. A swimmer who can swim at 10 kmh~ " in still
water, wishes to cross the river straight. (i) Along what
direction must he strike ? (ii) What should be his resultant
velocity ? (ifi) How much time he would take ?

Solution. (/) The situation is shown in Fig. 4.25.
OA = 7, =Velocity of river =5 kmh™ !

OB = 17; = Velocity of swimmer in still water.

Fig. 4.25
The swimmer will cross the river straight if the
resultant velocity 7 is perpendicular to the bank of the

river. This will be possible if the swimmer moves
making an angle 6 with the upstream of the river.

from S. He should reach

In right AOCB,

PR R L -l
OB v, 10

8 =sin" ' (0.5)=30°

(i) Resultant velocity of the swimmer,

T =J192 -5% =75 =8.66 kmh™ !

8.66x5 |
e e

(#if) Time taken to cross the river,
_ width of river _ 800 m
B v 24ms”
ExaMPLE 13. A boatman can row with a speed for
10 kmh™ " in still water. If the river flows steadity at 5 kmh™ ",
in which direction should the boatman row in order to reach

a point on the other bank directly opposite to the point from
where he started ? The width of the river is 2 km.

Solution. As shown in Fig. 4.26, the boatman starts
. Since the river flows along
PQ with a velocity 5 kmh ™", he should travel along SP.

PO =5 kmh™!
p 5kmh™' @

24ms™!.

t

-=3333s.

H’. 4-26
Speed of boatman is shown by vector sP.
$P=10 kmh™

— - -

5Q is the resultant of SP and PQ
ZQ5P=a, £ PQS=90°

Since Q and § are directly opposite.

: 0 =90°+ a =120°

Thus the boidtman must row the boat in a direction
at an angle of 120° with the direction of river flow. The
direction does not depend on width of the river.
EXAMPLE 14. A car travelling at a speed of 20 ms™ ! due
north along the highway makes a right turn on to a side road
that heads due east. It takes 50 s for the car to complete the
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turn. At the end of 50 seconds, the car has a speed of 15 ms™ 5. Calculate the angle between a 2 N force and a 3 N
along the side road. Determine the magnitude of average force so that their resultantis 4 N.  (Ans. 75°31)
acceleration over the 50 second interval.

Solution. In Fig. 4.27,
Initial velocity o) = OA =20 ms™, due north

6. The resultant vector of P and 6 is R.On reversing

the direction of (—5, the resultant vector becomes 5.

N Show that : R* + §* =2(F* + Q%).

Final velocity t?; =OB=15ms"", due east - 7. Two equal forces have the square of their resultant
equal to three times their product. Find the angle
between them. (Ans. 60°)

8. When the angle between two vectors of equal

magnitude is 2n / 3, prove that the magnitude of the
resultant is equal to either.

9. Atwhat angle do the two forces (P + Q)and (P - Q)
~act so that the resultant is P+ Q. (Ans. 60°)

E [Himachal 04]
10. The resultant of two equal forces acting at right
e angles to each other is 1414 dyne. Find the
Fig. 4.27 magnitude of either force. [Himachal 04]
As OA+ AB=0B i 1000; )
A ahooah o [ 11. A particle is acted upon by four forces simul-
AB=0B-0A=7, -7, taneously
= change in velocity (1) 30 N due east

|5; —'Ij; |= AB= ’OAZ + OBZ (ﬁ) ZON due n()rth

e - (i) 50 N due west and '
=20 +15° =625 =15ms (i) 40 N due south. Find the resultant force on the

7o -7, | 15 2 particle, (Ans. 20V/2 N, 45° south of west)
D i = -——2 1 =—= =
fverage apceleration ¢ 50) (e 12. Two boys raising a load pull at an angle to each
other. If they exert forces of 30 N and 60 N
» = PrROBLEMS FDR PRACTICE respectively and their effective pull is at right
1. ABCDE is a pentagon. Prove that angles to the direction of the pull of the first boy,
5 LS.  SER what is the angle between their arms ? What is the
AB+ BC+ CD+ DE+ EA= 0, effective pull ? (Ans. 120°, 30J3 N)
2. In Fig. 428, ABCDEF is a regular hexagon. Prove 13, A ship is steaming due east at 12ms™'. A woman
. that AB+ AC+ AD+ AE+ AF=6A0. runs across the deck at 5 ms™ ' in a direction at right

angles to the direction of motion of the ship and
then towards north. Calculate the velocity of the
woman relative to sea.

(Ans. 13 ms ™', 22°37 north of east)

14. Find the angle between two vectors Pand {if

resultant of the vectors is given by R* = P + Q.
[Central Schools 07]  (Ans. 90°)

Fig. 4.28 X HINTS
3. A boy travels 10 m due north and then 7 m due east. L R‘?fe“'_ to Fig. 4.29. Applying triangle law of vector
Find the displacement of the boy. addition, '
(Ans. 12.21 m, 35° east of north) L.H.S. =(A_’B+ 8—&) - C_f)+ [?E - ETQ

4. Find the resultant of two forces, one 6 N due east
and other 8 N due north.

(Ans. 10 N, 53°8 with 6 N force) =(AC+ CD)+ DE+ EA

- — — -+
=AC+CD+ DE+ EA
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= AD+ DE+ EA =(AD + DE)+ EA

—~AE+ EA=- EA+ EA=0 =RHS.

D

2. We use triangle law of vector addition.
i o

» f - ¥
AB+ AC+ AD+ AE+ AF
= AB+(AD+ DC)+ AD + (AD + DE)+ AF

- —» > -» -3
=3AD+ (AB+ DE)+ (DC+ AF)
=3x2'.4_b+ 5-1- 6:6/\6
- —» -3 e —»
[- AD=2 AQO, DE=- AB, AF=~ DC ]

3. Let the boy start moving from point O as shown in

Fig. 4.30.
v -
0OA =10 m, due north ; AB=7m, due east
N
7
A = B
10m
0
E
w ols

o e R ————

Fig. 4.30

By triangle law of vector addition, the resultant
displacement is

“ OA+ AB= OB
|OB|= 0B=[0A? + AR

=107 + 72 = 1221m
tan 0= A—B :Z =0.
0A 10
0= tan" ' (0.7) = 35°

Displacement =12.21 m, along N 35°E.

4. As shown in Fig. 4.31,
P=6N, Q=8N, R=?

A "
+

R=\P+ Q" =6"+8 =10N.

8N

Fig. 4.31

If the resultant R makes angle [} with the force of

6 N, then

tan p = Q = g = 1.3333
P 6
2 B = tan"! (1.3333) = 53°8',
5. Here P=2N, Q=3N, R=4N, 0=?
As RP=P+ Q: + 2PQcos O
42:-221'»32-&-2!2»-:3&!‘5@
or l16=4+9+ 12cos 6
or cos b= —3—= !=ﬂ.25
12 4
0=cos™ ' (0.25) = 75°31".

6. Let 6 be the angle between P and Q.

p
/180"- 1]

Fig. 4.32

—p - »
As the resultant of P and Q is R, therefore

R*=P*+ Q" +2PQcos 0

/

i)

When the direction of  is reversed, the resultant

-+
becomes S, therefore
1

§% = P> + Q* + 2PQcos (180°-0)
P2+ Q% -2PQcos 6
Adding (i) and (i), we get :

-

R+ S =2 +20°=2(P + Q).
8. Here F=0Q,

8=""=120°

w|y

(i)
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R=.JP2+Q2+2PQC089
or  R=P*+ P*+2PPcos 120°
= 2P + 2P x(-1/2)= P
9. Here E=P+Q, E=P-Q, R=3P+Q

As R2=ﬁz+l-"22+2:ﬁF2cosB

L3P+ QP =(P+ QP +(P- Q)
+2(P+ Q)(P-Q)cos B
or P*- =2(P2-Q’)cose
or cos =1
2
8= 60°

10. Here P=0Q, 6=90° R=1414 dyne
As R=\/P2+Q2+2PQCOSB
1411=\/P2+ P? + 2P% cos 90° =2 P

or P=— = —— =1000 dyne,

P=50-30=20N
Net force due south, Q=40-20=20N
R=P+Q =20% + 20 =202 N

11. Net force due west,

Q 20
t = e——=] = &
an f T or =45
12, Here P=30N, Q=60° p=90° R=?, 68="?
As tanﬂ:ﬂ
P+ Qcos @
60si
" tan 90° = pras

= oe—————0
30 + 60cos 6
or 30+ 60cosB8=0 or
. 8=120°
R =/30% + 60% + 2 x30 x 60 x(~ 1/ 2) = 30J3 N.

€os 0 =-

s

13. InFig. 433, v, =12ms™', due east

= o1
vy, =5ms™ ", due north

Fig. 4.33
Resultant velocity of woman is

T =040
RS w

= [192 . 52 _ -1
v, =y12°+5 =13 ms "

Also tan =1—52 = 04167

B = 22°37', north of east.

14. If O is the angle between P and 6, then
R? =P+ @ + 2PQcos 6

Given R*=P*+Q?

2 P+ Q% +2PQcosO= PP+ Q%
or , 2PQcos0=10

or cosf=0

or 0= 90°

4.11 RESOLUTION OF A VECTOR

20. What is meant by resolution of a vector ? Prove
that a vector can be resolved along two given directions
in one and only one way.

Resolution of a vector. It is the process of splitting a
vector into kwo or more vectors in such a way that their
combined effect is same as that of the given vector. The
vectors into which the given vector is splitted are called
component vectors.

A component of a vector in any direction gives a
measure of the effect of the given vector in that direction.
The resolution of a vector is just opposite to the process
of vector addition.

Resolution of a vector along two given directions.

" -
Suppose we wish to resolve a vector R in the direction

of two coplanar and non-parallel vectors A and B, as
shown in Fig. 4.34.

Fig. 4.34 Resolving a vector R in the directions
of A and §.

Suppose O_b represents vector R. Through O and

Q draw lines parallel to vectors Aand B respectively

to meet at point P. From triangle law of vector
addition,

- e —
O0Q=0P+ PQ
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—» —
OP=LA
P-bil E therefore, P—C’2=u B
Here A and p are scalars. Hence

- =y =

R=ALA+uB

As (5}’ il X therefore,

As

(1)

Thus the vector R has been resolved in the
directions of A and B. Here & A is the component of R
in the direction A and p B is the component in the
direction of B.

Uniqueness of resolution. Let us assume that R can
be resolved in the directions of A and B in another way.

Then R=NA +u'B 2)

From equations (1) and (2), we have

- o . —
AA+p B=N A+p'B
— -
or (A-X)A=(n"-n)B

But A and B are non-zero vectors acting along different

directions. The above equation is possible only if
A-A=0 and p'-p=0
AM=A and [TRE TR
Hence there is one and only one way in which a vector

or

— =¥
R can be resolved in the directions of vectors A and B .

412 ORTHOGONAL TRIAD OF UNIT

VECTORS : BASE VECTORS

21. What do you mean by orthogonal triad of unit
vectors or base vectors 7 Show them in a diagram.

Orthogonal triad of unit vectors or base vectors. In

a right-handed Cartesian coordinate system, three unit
vectors i,j ,k are used to represent the positive
directions of X-axis, Y-axis and Z-axis respectively.
These three mutually perpendicular unit vectors

i, ; K are collectively known as orthogonal triad of unit
vectors or base vectors. Thus : |f|=|f |=|£ [=1
Y

Ty
.

z
Fig. 4.35 Orthogonal triad of unit vectors.

4.13 ' RECTANGULAR COMPONENTS

OF A VECTOR

22, What do you mean by rectangular components of
a vector ? Explain how a vector can be resolved into two
rectangular components in a plane.

Rectangular components. When a vector is resolved
along two mutually perpendicular directions, the components
so obtained are called rectangular components of the given vector.

Rectangular components of a vector in a plane.
Suppose we wish to resolve vector A along X- and
Y-axes. Taking the initial point of A as the origin O,
draw two axes OX and OY perpendicular to each
other. From the head P of A, draw PM L OX and
PN L OY, as shown in Fig.4.36 (a).

YA YA

A, i
(a) ()

Fig. 4.36. Rectangular components of A.
According to.parallelogram law of vector addition,
OP=OM+ON or A=A +4,
Thus ._4: is the horizontal or X-component of A and
1—4; is the vertical or Y-component of A

Now, let i and f be the unit vectors along X- and
Y-axes respechvely, and A, and A, be the scalar magni-

tudes of AI and A respectively. Then, we can write

A=A and Av-*ij
A=Ai+A]

This is the equation for vector A in terms of its
rectangular components.

If vector A makes an angle 6 with X-axis, then
A, = Acos0 A, =Asin 0

Conversely, if A, and A, are gwu\ we can find A
and 0 as follows :

4 A; = A% (cos” 0+ sin” B) = A®

A7
or A=A+ A,f and tan6=€:{" or O=tan™"

and

A
A
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23. How can the position vector v of any point
P (x, y) be expressed in terms of rectangular components ?
Resolution of a position vector into rectangular
components. As shown in Fig. 4.37, draw PM L X-axis

and PN L Y-axis. Then OM =xand ON = y. According
to parallelogram law of vector addition,

A A

OE’ =O_?:A+O_J'V or ?zxr'+yj

This equation expresses position vectof r in terms
of its rectangular components along X- and Y-axes.

Y
Ng=-===="===="5  Px. )
v y

0 - >

xi M

Fig. 4.37 Rectangular resolution of a position vector.

Clearly,

|P|=JOM? + ON? =[x + 2.
If 7" makes angle 8 with X-axis, then

x=rcos® and y=rsinb.

24, Explain how a vector can be resolved into its
rectangular components in three dimensions.

Rectangular components of a vector in three

dimensions. Suppose vector Ais represented by oP,
as shown in Fig. 4.38. Taking O as origin, construct a
rectangular parallelopiped with its three edges along
the three rectangular axes ie, X-, Y- and Z-axes.

Clearly, A represents the diagonal of the paralle-
lopiped whose intercepts along X-, Y- and Z-axes are

-+ = —»

A, A, and A respectively.

—p

Thus A, ;1; and ;I: are the three rectangular
components of A.
Applying triangle law of vectors,
OP = OT + TP
Applying parallelogram law of vectors,
OT = OR + O-é
O_}’ = O_k + O—Q + ﬁ’

But  TP=0%
Hence (5;’=07{+O_b+0_.§
or Z:ZI+I+Z:=A,§'+A“'“+A:§

If o, pand y are the angles between Aand X-, Y-and
Z-axes respectively, then
A = Acosa, Ay = Acosp, A, = Acosy

Magnitude of A. We note that
OP* = OT? + TP? = 0Q* + QT? + TP?
or A= Af + As - Af

or A=JA$+/¢+A§_

o/VETT5 A position vector r” in three dimensions
can be expressed as

Pexi+yj+zk
where x, y and z are the components of r along X-,
Y-, and Z-axes respectively.

25, Can the walk of a man be an example of
resolution of vectors ? If yes, how ?

Walking of 2 man is an example of resolation of
forces. While walking, a person presses the ground
with his feet slightly slanted in the backward direction,
as shown in Fig. 4.39. The ground exerts upon him an
equal and opposite reaction R. Its horizontal
component H = R cos 8 enables the person to move
forward while the vertical component V =R sin 6
balances his weight.

V=RsinB

]
U
I

1.
Ground
reaction

Fig. 4.39 Example of resolution of a vector.
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a3
Examples based on ! Exasmrre 17. A Vector X, when added to the resultant of
Expressing the Vectors in terms the vectors A =3i —5] + 7k and B=2i + 4 j =3k gives
of Base Vectors and Rectangular

-~
a unit vector along Y-axis. Find the vector X.

Components of Vectors

Solution. Resultant of Z and Eis
R=A+ B=@i-5] +7k )+ (@i +4] -3k )
i fsak

FormuLae Usep
L If A, A, A, arethe rectangular components of X
and i : ; ,J: are the unit vectors along X-, ¥- and

- A A " Unit vector along Y-axis = ;
Z-axes respectively, then A=A, i+ A j+ Ak

Requlredvector,
2. IX!=JA3+A3+A§ X:; R= i -(5i-f+4k)
N3 ATHAEAK —3 LSNP .
3. A=s——= = i A A A Iy
(A1 AT+ AT+ AT Exasrs 18, Two forces F, =31 +.4 | and E,=3 ] + 4k

A are acting simultaneously at a point, What is the magnitude
4. If vector A makes angle 0 with the horizontal, then | of the resultant force ?

horizontal component of A = A, = Acos 8 Solution. The resultant force is
R=F+E=@f+4])+(3] +4F)

-4
vertical component of A = A = Asin 6 A .
=3i+7j+4k

and A= A%+ A
' Magnitude of the resultant force is
Unirs Usep - e m—
IRI=32+72+ 42 = 0+ 49 +16
Units of A,, A, and A, are same as that of Aand —
angle Ois in radians. = /74 units of force.

- ExamprLe 19. If A=3 f+4f and B =71+ 24; , find a
Exampiri 15. Find the vector ABand its magnitude if it has o
initial point A(1,2, -1)and final point B(3,2,2). vector having the same magnitude as B and parallel to A ,

- oA A A [EAMCET, 89]
Solution. Here OA=i+2j -k i~ )

Solution. | Al=y32+4% =5

OB=3i+2]+2k
Unit vector in the direction of A is

-» —» -
S AB=0B-0A
=@-1)i +(2-2)] +R~(-1]1k
=2i+3k.
© Also, 1B I=\72+242 =25
Examrir 16, Find unit vector parallel to the resultant of

-3
Reciors AR + 4;\_2,,; and B=3f -5 ]o k. The vector having the same magnitude as B and

5
parallel to A

2 R - A
Solution. The resultant of A and B is _1BlA =25x_(3”4” 15”_20]

—p e o . A A L) A A
R=A+ B=(1+4j-2k)+(3i-5j +k
: » ( ] " )+ R / A )¢ »  Exampre zo, A bird moves with velocity 20 ms™ ' ina
=(1+3)i+(4-5)j +(=2+ 1)k =4i =] =k  direction making an angle of 60° with the eastern line and
l R’ - J 42 4 (- 1)2 (-1 )2 - f6+1+1=33 60° with vertical upward. Represent the velocity vector in
& =] =

rectangular form.
-

The unit vector parallel to R is Solution. Let eastern line be taken as X-axis,
~ R 1 northern as Y-axis and vertical upward as Z-axis. Let
Re——= 3 (41 -] -K) the velocity vector o make angles a, f and y with X-, Y-

I R

I and Z-axis respectively. Then a =60°, y=60°
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2 2
As cos® a + cos’ B+cosy=1
2 2 LR
cos™60°+cos“ B+ cos“60°=1

1~2 1 2
or [A] +m52[5+(—] =1
2 2
S T 1 1
or Cos ‘3—]—5—5
1
or cosP=—=
v2

> » 2 A
v=vcosai+vcosPBj+vcosyk

k

20 = & r"\+20x—1—_— f+20x <

2 V2 2
=10i+10+2 j +10k.

Exavrirr 21, One of the rectangular components of a

velocity of 80kmh™' is 40kmh™'. Find the other
component.

Solution. Let v =80 kmh™ !, v, =40 kmh~ ! then

) :7
Ty {

[ 2 2
As v= v+

o= vaz - v:f = \J"S()2 -40% = v'@ﬂ - 1600

y

V4800 = 69.28 kmh .
ExampLe 22, A force is inclined at 50° to the horizontal. If
its rectangular component in the horizontal direction be

50 N, find the magnitude of the force and its vertical
component.

Solution. Here F, =50N, 8 =50°

But F,=Fcos@
F=tx o S0 _ 0 _oen
cos 8 cos50° 0.6428
Also, Fu = F sin 8 =50 x sin 50°

 =77.98x 0.7660 = 59,58 N.

Exavrrr 23. An aeroplane takes off at angle of 30° to the
horizontal. If the component of its velocity along the
horizontal is 250 kmh™*, what is the actual velocity ? Find
also the vertical component of the velocity.

Solution. Let v, and v, be the horizontal and

vertical components of actual velocity v (Fig. 4.40).

Then v, = v cos30°=250 kmh™
250 250 x2 4
v= = = 288.67 kmh .
cos30° V3

v, = sin30° =288.67 x 0.5 =144.33 kmh .

Exampre 24. A man rows a boat with a speed of 18 kmh ™!
in the north-west direction. The shoreline makes an angle of
15° south of west. Obtain the component of the velocity of the
boat along the shoreline and perpendicular to the shoreline.

Solution. As shown in Fig. 441, the boat makes an
angle of 45° with the west direction while the shorline
makes an angle of 15° with it. Thus the boat makes
angle of 45°+15° =60° with the shoreline.

A N
18 km h ] - — ‘\|
1 ‘\
|1 ‘.
\ \
\ )
A} ‘l
v 459 -
\ 607\
VV i I go E
Shoreline
S

e —— R

Fig. 4.41

. Component of the velocity of the boat along the
shoreline

=18 cos 60° =18 x %=9kmh'1.

Component of the velocity of the boat perpen-
dicular to the shoreline

18x V3

=18 sin60° = =15.6 kmh L.

Exanirry 25. Two billiard balls are rolling on a flat table.
One has the velocity components v, =1ms™ ", v, = V3 ms™!
and the other has components v =2ms ' and

v, =2 ms” L If both the balls start moving from the same
point, what is the angle between their paths ?

Solution. For first ball :
OC=v_r =] ms*], OE:vV =J3ms L.

Let 0 be the angle which the resultant OA of v, and
v, makes with the X-axis. Then

v 3 _
tan9=—'"=$=\/3
0 =60°

For second ball :
OD=v,=2ms™, OF=v,=2ms"
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Fig. 4.42

Let @ be the angle which the resultant OB of ¢/, and
Z’;’ makes with the X-axis. Then

v
it = e
v 2
& =45°

. Angles between the paths of two balls
=0 -0 =60°-45°=15"

% PrROBLEMS FOR PRACTICE

A

1. If A=3i+2] and B=i-2]+3k, find the

magnitudesof A+ Band A - B. _[Ans. 5, 29]

2. Find the unit vector parallel to the resultant of the
vectors Z=2f+6;—3£ and B :41'A+3}"\—l?.

[Ans. 1/ 61 (61 =3 ] - 4K )]

3. Determine the vector which when added to the resul-

tantof A =2i —4] — 6k and B =4 +3] + 3k gives

the unit vector along z-axis. [Ans. - 6 s ]" sk |

4. Find the wvalue of A in the unit vector
04i+08)+Xk. [Ans. v;(ﬁ]
5. Given three coplanar vectors & =4i-],

b =-3i+ 2] and@ = - 3] . Find the magnitude of
the sum of the three vectors. [Ans. /5]

6. A force is inclined at 30° to the horizontal. If its
rectangular component in the horizontal direction
is 50 N, find the magnitude of the force and its
vertical component. [Ans. 57.74 N, 28.87 N]

7. A velocity of 10 ms™ has its Y~component 52 ms™ .
Calculate its X-component. [Ans. 5V2 ms ']

8. An aeroplane takes off at an angle of 30° to the
horizontal. If the component of its velocity along the
horizontal is 200 km h ™, what is its actual velocity ?
Also find the vertical component of its velocity.

[Ans. 23094 km h™', 11547 km h™']

9. A child pulls a rope attached to a stone with a force
of 60 N. The rope makes an angle of 40° to the
ground. (/) Calculate the effective value of the pull
tending to move the stone along the ground.
(1i) Calculate the force tending to lift the stone.

[Ans. (i) 45.96 N (i) 38.57 N
s HINTS
4. As the given vector is a unit vector, so
1047 +08)+2rk[=1
or J(0.4) £ (087 + 2% =1

or 2 = 1-(04)° - (0.8
=1-0.16-0.64=02
or A=+02.

9. From Fig, 443,

60 sin 40°

40°
60 cos 40°

Fig. 4.43
(i) Pull along the ground
= 60cos 40° = 45.96 N.
(if) Force tending to lift the stone vertically up
= 60sin 40°= 38.57 N.

4.14 ~ SCALAR PRODUCT OF TWO VECTORS

26. What are the different ways in which a vector
can be multiplied by another vector ?

These are two ways in which a vector can be
multiplied by another vector :

() One way produces a scalar and is known as
scalar product.

(if) Another way produces a new vector and is
known as vector product.

27. Define scalar product of two vectors. Give its
geometrical interpretation.

Scalar or dot product. The scalar or dot product of two
- -
vectors A and B is defined as the product of the magnitudes

of A and B and cosine of the angle 0 between them. Thus

Z- §=i3|| glcosﬁ:ABcosG
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Fig. 4.44 Scalar product of A and B is a scalar :
A - B = ABcoso.
As A, Band cos 0 are all scalars, so the dot product of

—» —5 -
A and B is a scalar quantity. Both A and B have
directions, but their dot product has no direction.

Geometrical interpretation of scalar product. As
shown in Fig. 4.45(a), suppose two vectors Aand Bare
represented by C7P and Ob and £ POQ = 0.

A- B = ABcos 0= A(Bcos 8)= A(OR)
= Ax Magnitude of component of
B in the direction of A

O 5=
I-—Bwsu A p

(a)

- B ————

(b)

Fig. 4.45 (2) Bcoso is the projection of Bonto A.
(b) A cos@is the projection of A onto B.

From Fig. 4.45(b), we have

-3 —»

A- B = ABcos 0 = B(A cos 0)
- B(OS)
= Bx Magnitude of component of A
in the direction of B .

Thus the scalar product of two vectors is equal to the
product of magnitude of one vector and the magnitude of
component of other vector in the direction of first vector.

28. Give some examples of physical quantities that
may be expressed as the scalar product of two vectors.

Physical examples of scalar product of two vectors :
(1) Work done (W), It is defined on the scalar product

of the force (}_-:), acting on the body and the
displacement (5") produced. Thus

W=F-%

(17) Instantaneous power (P). It is defined as the
scalar product of force (F) and the instan-
taneous velocity (') of the body. Thus

P=F-37

(1) Magnetic flux (¢) The magnetic flux linked

with a surface is defined as the scalar product of

- -
magnetic induction ( B) and the area vector ( A).
Thus
- =3
¢=B- A
J As the scalar product of two vectors is a
scalar quantity, so work, power and magnetic flux are
all scalar quantities.

4.15 = PROPERTIES OF SCALAR PRODUCT OF

TWO VECTORS

29. Mention important properties of the scalar
product of vectors.

Properties of scalar product :
(i) The scalar product is commutative Le.,

A-BE-B-A
(i1) The scalar product is distributive over addition
i.e,
A‘-(a+ E)= ;ﬂ’ §+ .;1’ ¢

(i) If A and B are two vectors perpendicular to
each other, then their scalar product is zero.

- ~)

A B = A Bcos90°=0.

(iw) If Aand B are two parallel vectors having same
direction, then their scalar product has the
maximum positive magnitude.

A-B=ABcos0°=AB
(©) 1f A and B are two parallel vectors having
opposite directions, then their scalar product

has the maximum negative magnitude.
—

A-B=ABcos180°=— A B

(vi) The scalar product of a vector with itself is equal

to the square of its magnitude.
= s
AA=A Acos0°=A-A=A%=| AP

(vit) Scalar product of two similar base vectors is
unity and that of two different base vectors is
zero.

i.i=(1)()cos0°=1



o>

i =7.f =k.k =1

bt

i =(1)(1) cos 90° =0

A
l

;I:k:\ =0

““»)
It

—3 —
(vii1) Scalar product of two vectors A and B isequal

to the sum of the products of their corresponding
rectangular components.

=AB + A, + AB,

(ix) The cosine of the angle @ between A and F is

given by
~y -
cos 0= JA 1
|Al| B
AB + AyBy + A B
\‘\'AS+A5+A3 \J;'Bf+83+ B:

—+

30. Show that the scalar product of two vectors A

and B is commutative.

Scalar product of two vectors is commutative. We
know that
- =,
A-B=ABcos 0 ()]

where 8 is the angle between A and B measured
anticlockwise, as shown in Fig. 4.46.

360° -8

-

Flg. 4.46

Also, B: A = BA cos (360°= 8)

= BA cos 0 = ABcos 0 <i1)
where (360° -0) is the angle between B and A
measured anticlockwise.

From equations (i) and (if), we get

- —» e J

A-B=B-A
Hence the scalar product of two vectors is commutative.

31. Prove that the scalar product of vectors is
distributive over addition.

Scalar product of vectors is distributive over

addition. In Fig. 447, OP, PQ and OQ are the ©°F

Fig. 4.47
— - e
projections or components of B, C and ( B+ C)in the

direction of vector A. By definition of scalar product,

A(B+C)
= Magnitude of Ax Magnitude of component of
( B+ C)in the direction of ;“:
=(OR)(0Q) =(OR)(OP + PQ)
=(OR)(OP) + (OR)(PQ)
= Magnitude of A % Magnitude of component of

B in the direction of A

4+ Magnitude of A x Magnitude of component
of C in the direction of A

-A-B+A-C [By definition of scalar product]

Hence the scalar product is distributive over addition.

32. Show that the scalar product of two vectors is
equal to the sum of the products of their corresponding
rectangular components.

Scalar product in terms of rectangular components.

- -
We can express A and B in terms of their rectangular
components as

A=Ai+Aj+Ak
and EzBIf} ijh-r BZIE

B=(A{+A j+AK).(Bi+B ] +Bk)
Ai(Bi+Bj+Bk)+Aj

(B,i+B [ +BEk)
+¢k4&x+%f+gi)
=¢&if+AB;f+&BF§‘
+/{va ( + A B u].;+ /‘in:;..'lT
+ABK.i + ABK.j+ABK. k.
= A B ()+ A B, (0)+ A, B, (0)+ A, B, (0)
+ A B (1)+ A B0)+ AB,(0)+ AB,(0)+ AB(1)
A-B=AB +AB +AB




4.22 PHYSICS-XI

‘ Examples based on_ '
Scalar or Dot Product of two Vectors

FormuLae Usep

- —

1. A-B

B=IAUlBlcos8=ABcos @

-+ -

2. IfAJ.B 6=90°and A- B=0

3. Angle 6 between Aand Bis given by

A-B
cos B = '

— =»
LAl BI
4. In terms of rectangular components,
-+ =

A-B=AB +AB, + AB, |
-

5. Work done, W = F S

6. Power, P= E v
Exasmpre 26. Find the angle between the vectors
E=f+2f—£ and -§=—F+;—2£. [Delhi 1995]
Solution.
] r—— -
LAl= 12 +22 4+ (-1)* = J6
| Bl= (-1 + 12 +(-2) =6
-+ =
A B=1x(-1)+2x1+(-1)x(-2)
=-142+2=3
- -
cos 0= 4.5 JENE _ Al
(2B Vox6 6 2
Hence 6 = 60°.

- A A A
ExampLE 27. Prove that the vectors A =i +2] +3k and

B=2f - f are perpendicular to each other.

Solution.  A.B=(i+2f+3k).@{ -] +0F)
. =122 +2 %(=1)+8x0=0
—3 -
Hence Al B.

Examrre 28. Find the value of ) so that the vectors
A=2i4 J..]"\ +k and B =4i-2 ; ~2k are perpendicular
to each other.
-5 —y - —
Solution. As Al B,so A. B=0
or (2i+Aj+k).(4i-2] -2k )=0

2x44+Ax(-2)+1x(-2)=0
A=3

or

or

Examrre 29. If the magnitudes of two vectors are 3 and 4
and their scalar product is 6, then find the angle between the
two vectors.

Solution. Here | A 1=3,| B =4, A. B =6
A.B 6 1
cos = . . —'% 4:5
Al Bl °%
Hence 0= 60°.

ExXAMPLE 30. A body constrained to move along the z-axis
-3

of a co-ordinate system is subjected to a constant force F
— A A A A A A

gwen by F=-i+2j+3k newton where i,j and k

represent unit vectors along x-, y- and z-axis of the system
respectively. Calculate the work dome by the force in
displacing the body through a distance of 4 m along the
Z-axis. [NCERT]

Solution. As the body moves 4 m along the z-axis,
50 the displacement vector is

S =4k =01 +0] +4k metre

Also ;‘?=—1+2]+3k newton
W=F.S

=(-i+2f+3hf).(0i~+0)¢+4l\f)
=-1x0+2x0+3x4=12joule.
EXAMPLE 31. A force of 71+ 6K newton makes a body

move on a rough plane with a velocity of 3] + 4k ms™ "
Calculate the power in watt.
Solution. Power

P=F.0=(7i+0]+6K).0f+3]+4F)
=7x0+0x3+6x 4=24W.

- - s
ExaviprLe 32. Three vectors A, B and C are such that

—

A =B +C and their magnitudes are 5, 4 and 3 respec-

tively. Find the angle between Aand C.

- > 4 s 4 ] -
Solution. Given A =B +C or B=A-C
—» —» -3 o - -
Now B.B =(A-C).(A-C)
- — - - - —» - -
=A. A-A.C-C.A+C.C
- = - = - -
=A.A+C.C-2A.C
- - - =3
s C.A=A.C]
or B2=A>+C?>-2ACcos 9

where 0 is the angle between Aand C.
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A+CP-B 52+32-42 18

cos 0= = =—=0.6

2AC 2x5x3 30
8 =cos ' (0.6)=53".

Examere 33. If 13 + §I= |I€ - Bi,ﬁnd the angle between

A and B.

[CBSE PMT 2K]
Solution. Given :
- - -
|lA+ Bl=|A- Bl
or |A+ BR=IA- BR
- - “x ) - = - =
or (A+ B).(A+ B)=(A-B).(A- B)
- -
[~ 1AP=A
3 = = = = = =
or A A+A.B+B.A+ B. B
< = = = = = % —F
=A.A-A.B-B.A+ B.B
2

+
or A2+22.§+ B*=A%- X.E-{-Bz
B

-

or 4A.B=0 or 4ABcos =0

b J

As A and E are non-zero vectors, so
cos =0 or 0=90°

EXAMPLE 34. vaectors P, aand R have magnitudes 5, 12
and 13 units and P + Q R , find the angle between Q

andR
=
Solution. As P+ Q = R.
R-Q=P
- - —» L o - =
and (R-Q).(R-Q)=P.P
-+ 3 3 > S S = = S
or R.R-R.Q-Q.R+Q.Q=P.P

2,07
y o0 A R*+ Q* - P?
2RQ
_137+122-5* 288 12
2x13x12  2x13x12 13
0=cos™12/13.

ExamPLE 35. Determine the angles which the vector
A=57+0]+5k, makes with X-, Y- and Z-axes.

. o1 2 2 2
Solution. Here A=IAI=‘fA‘+Ay+A1
=52 +0%+52 =52

If vector A makes angles a, f and y with X-, Y- and

Z-axis respectively, then
cosa='i’—=i=i a = 45°,
A 542 2
A 0
= —= =0 =90°
R P
A5 1 =45°
BV AR’ T

EXAMPLE 36. If unit vectors d and bare inclined at angle 6,

then prove that
T,
2 [NCERT]

Solution. For any vector a,

la R =
. la —b R= 3— ).(a -b)
=a.a-a.b~=b.a +b.b
=1-2a .b +1
[ a.a =1x1x cos0°=1]
=2 -2x1x1xcos8=2(1-cos @)
» =2.28n? S =gain?
2 2
[ 1-cos20=2 sin® 0]
Hence la —5l=2sin§.

Examreie 37. If A+ B=Cand A + B® =C2, then prove
that A and B are perpendicular to each other.
Solution. Given A + B ¢

—

" (A+ B).(A+ B)=C.C
or A+2A.B+B=C2

But A*+ B2 =C?
2A.B=0
or 2ABcos8=0
or cosB8=0 [~ A=0,B=0]
: 8 =190°

ExamrLE 38. A point P lies in the x-y plane. Iis position
can be specified by its x,y coordinates or by a radially

directed vector r =(xi + ¥ f ) making an angle 8 with the

x-axis. Find a vector ?r of unit magnitude in the direction of
o TA

vector r and a vector iy of unit magnitude normal to the

vector f, and lying in the x-y plane. [NCERT]
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Solution. The unit vector in the direction of vector % pProBLEMS FOR PRACTICE

rois given by

-—» A A
Ar X1+ s X a
T EVHYS EL Y
r r r r
¢ o) oo
or i, =i cosB+] sin@

[ x=rcos 6, y=rsin 8]

YA

> X

Fig. 4.48

Let the unit vector normal to the unit vector | , be

given by

A4 4
g =fa+jP

where the coefﬁcients a and P are to be determined. As

‘}-L‘E
lr Ia,SO
A A

i,-1yg=0

or (r"\cosB+fsin B.).(fa +fB)=0

or acosB+Psin@=0
a. sin 6
or — =
B cos 6
and nl=_ﬂsm()
- cos @

A
Since ig is a vector of unit magnitude, so

a’+ B2 =1
or [2]24-1:—1—
p p*
or _smﬂ 2+1—'—1- sin” 8 + cos
cos 6 : cos® 0
or Bz=_coszﬁ
= B=+cos® and a=-sin6

The other solution, f =—cos 8 is rejected because
we define a system of :: i g vectors in the increasing

directions of r and 6.

. A A . A
Hence i, =-1 sin®+j cos®.

1. Find the angle between the vectors

A =2f—4f+6f and §=3|°+f+2f.
‘ (Ans. 60°)

. Find the angles between the vectors A=i+ f+ k

s Findthevalueofmsothattl'tevectori‘l?—2f+Ii: is

perpendicular to the vector 21 + 6f+ mk .
(Ans. 6)

. For what valueof  are the vectors A =a i - 2f+k

and B =2ai +af —4k perpendicular to each

other ? (Ans.2,- 1)
. Find the angles between the following pairs of
vectors :
-+ A a - '~ A A
() A=i+j+kand B=-2i-2]-2Fk.
(Ans. 1807
(i) A=-2{+ 2j -k and B=3{ +6f +2k
(Ans. 799
(i) A=47+6]-3F and B=-2{-5] + 7K.
(Ans. 148.9°)

. Calculate the values of (i) /.(27 - 3] + k )and (i)

@i -7).31+£) [Ans. (i) - 3 (i}) 6]

- A force ?=4f+f+ 3k newton acts on a particle

and displaces it through displacement
S=11f+ 11f+ 15k metre. Calculate the work
done by the force. (Ans. 100 J)

. Underaforceoflof—Bf+6f newton, a body of

mass 5 kg is displaced from the position
6i +5] -3k to the position 10i-2j+7k.
Calculate the work done. (Ans. 121 ])

. The sum and difference of two vectors Z and E are

A+B=2{+6]+k and A -B=4{+2]-1k.
Find the magnitude of each vector and their scalar

product A. B. (Ans. V50, Va1, -25

A

. A force F=5i4+ 4] newton displaces a body

through§=3f'# 4 k metre in 3s. Find the power.
(Ans. 5 W)
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11. If the resultant of the vectors 3i +4j\ +5k and

51 + 3; + 4k makes an angle 6 with x-axis, then
(Ans. 0.5744)

-3 A A, A
A =3i-2j+k,

find cos 6.

Show

B=i-3]+5k and C =2{ + j -4k form a right
angle triangle.

12. that the wvectors

13. Ifvectors A ? B and C have magnitudes 8, 15 and 17

- = = -
unitsand A + B = C, find the angle between A and
B. (Ans. 90°)

- = = -
If A= B~ C, then determine the angle between A
2 AB

14.

Ans. 0=cos

15. For two vectors Z and E if X+ §=E and

-

A + B=C, then prove that A and
each other.
Prove that :

(A+2B).(2A-38)=2." + ABcos 0— 6B

_’
B are parallel to

16.

416 ~ VECTOR PRODUCT OF TWO VECTORS

33. Define vector or cross product of two vectors.
How is its direction determined ?

Vector or cross product. The vector or cross product of
two vectors is defined as the vector whose magnitude is equal
to the product of the magnitudes of two vectors and sine of
the angle between them and whose direction is perpendicular
to the plane of the two vectors and is given by right hand

rule. Mathematically, if 0 is the angle between vectors A
and E’, then

Ax B=ABsin0n

AxB

A Ti’
]

vExA
(a)

— - —a — - -

Fig. 4.49 Right hand rules for direction of
vector product.

-3

(5)

where n is a unit vector perpendicular to the plane of
A and B and its direction is given by right hand rule.
Thus, the direction of A x B is same as that of unit

n
vectorn.

Rules for determining the direction of AxB .

(i) Right handed screw rule. As shown in Fig. 4.49(b),
if a right handed screw is placed with its axis perpendicular

-+ - > o
to the plane of vectors A and B and is rotated from A to B

through the smaller angle, then the direction in which the
-3 e
screw advances gives the direction of A x B.

(if) Right hand thumb rule. As shown in Fig. 4.49(c),
curl the fingers of the right hand in such a way that they

-3 -»
point in the direction of rotation from vector A to B through
the smaller angle, then the stretched thumb points in the

- =
direction of A x B.

34. Give geometrical interpretation of vector product
of two vectors.

Geometrical interpretation of vector product.

Suppose two vectors Aand B are represented by the
sides OP and OQ of a parallelogram OPRQ, as shown
in Fig. 4.50.

Q R

Bsin@ M

0 N 2 P

Fig. 4.50 Geometrical significance of vector product.
Let Z POQ = 8. Draw QN L OP. The magnitude of
vector product Ax Bis

| 4 x B|= ABsin 8 =(OP)(OQ)sin 6

=(OP)(QN) [ QN =0Q sin 8]
= Area of parallelogram OPRQ

Thus the magnitude of the vector product of two vectors
is equal to area of the parallelogram formed by the two
vectors as its adjacent sides. Moreover,

| A x B|=2x 1(OP)(QN)=2 x Area of A POQ

Thus the magnitude of the vector product of two vectors
is equal to twice the area of the triangle formed by the two
vectors as its adjacent sides.



4.26 PHYSICS-XI

35. Give some examples of physical quantities which
can be expressed as the vector product of two vectors.

Physical examples of vector product :

(i) Torque 7. The torque acting on a particle is
equal to the vector product of its position vector
(?) and force vector ( l_-:} Thus

-
-+ =
T =9 %F

-
(#) Angular momentum L. The angular momen-
tum of a particle is equal to the cross product of

its position vector (?) and linear momentum
—
(p ) Thus
-» — —»
L=rxp
(iii) Instantaneous velocity v. The instantaneous

velocity of a particle is equal to the cross

product of its angular velocity (::)) and the

—»
position vector (r ). Thus

V=0 xr
4.17 = PROPERTIES OF VECTOR PRODUCT

36. Mention some important properties of vector
product.

Properties of vector product :
() Vector product is anti-commutative i.c.,
AxB=-Bx A
(ir) Vector product is distributive over addition
!..t.’.,
— - -3 — —p -y —
Ax(B+ C)=Ax B+ AxC
(117) Vector product of two parallel or antiparallel
vectors is a null vector. Thus

-5 -5 A -~
Ax B=ABsin(0°0or180°)n =0
(1v) Vector product of a vector with itself is a null
vector,
- - A —r
Ax A=AAsin0°n =0
(v) The magnitude of the vector product of two

mutually perpendicular vectors is equal to the
product of their magnitudes.

| Ax B|=ABsin90°=AB
(vi) Vector product of orthogonal unit vectors. The

magnitude of each of the vectors | , j and k is1
and the angle between any of two of them is 90°.

(%] =(1)(1)sin90°n =n
As 1 is a unit vector perpendicular to the plane

of i and f , 50 it is just the third vector k

or sin 0 =

A
or n=

Fig. 4.51 Vector product of base vectors is cyclic
(a) Anticlock-wise positive (b) Clockwise negative.

Aid to memory. Write i ; and k cyclically round a

circle, as shown in Fig. 4.51. Multiplying two unit
vectors anticlockwise, we get positive value of third

unit vector (e.g., rAxf =+.';) ; and multiplying two
unit vectors clockwise, we get negative value of third
unit vector (e.g., f xi =—k ).

A

Also,

(vif) The vector product of two vectors can be
expressed in terms of their rectangular compo-
nents as a determinant,

i ]k
-+ =
AxB=|A A A
BB B
(viif) Sine of the angle between two vectors. If 0 is
the angle between two vectors Aand B, then
| Ax Bl=1AlBlsin®
- =
| Ax B
> -
| All B
(ix) Unit vector perpendicular to the plane of two
vectors. If 11 is a unit vector perpendicular to the
plane of vectors Aand B, then
Ax §=A351n9n =} Zx g]r'i

-

A
Wl |l

x

I I
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37. Show that the cross product of two vectors is not =A B, (i x 1)+ AB, (i x[)+ AB (i xk)
commutative but anticommutative. Ao x A ) Ao
+AB (jxi)+ AB (jx])+AB(jxk)

Cross product is anticommutative. As shown in ~ A A & ~ A
+Asz(kxi)+Asz(kxj)+A:B:(kxk)

Figs. 4.52 (a) and (b), consider two vectors Aand B

such that the small angle between them is 6. =AB (0)+ AB (k)+ AB (-])
o +AyBI(-J?)+AyBy(6')+AyB:(f")
+AB ([ )+ AB, (-1 )+ A B(0)

- Plane of 4 and B PlaneofAandB or =i(AB - AB)-](AB ~AB)

! i

. g +k(AB,~AB,)
- N
= - =
A A or  AxB=|A A A
BB B
D) This equation expresses Ax B in a determinant
. form.
BxA

Fig. 4.52 Direction of B xAils opposite to that A xB.

3

Now, Kx B = ABsin Br;

= -
1. Ax B=ABsinon

and Bx A=ABsin(-0)n =- ABsin @ n , . _
2. Unit vector n perpendicular to the plane of

Clearly, both Ax B and B x A have equal magni- g . H 3‘ <B
tudes (ABsin 8) but they have opposite directions. vectors A and Bis givenby n =——
Thus . : l4AxBI

- - - ¥ -3 = -~ e g -
AxB# BxA and AxB=-BxA 3. Angle 0 between vectors A and B is given by

Hence cross product of two vectors is not commutative, ) {AxBI
instead it is anticommutative. Ll e

g 1All B

38. Show how the vector product of two vectors can
be expressed in terms of their rectangular components % In terms of rectangular components, we have

as a determinant. I B
e

Vector product in terms of rectangular components. AxB=|A A A
We can express A and B in terms of their rectangular B, B B |
components as

A-atenivak or  AxB=(AB~AB)i+(AB-AB)]

and -§=B‘]?+ Byj'\'!- Bzf +(AxByﬁAyBx)£

-3 =g A 'A A A A A i -

A x Bz(Ax"*’Ayf*‘t.k)"(Bxi*Byf+sz) 5. For parallel vectors, Ax B=0

=Axfx(8x§+8vf+szf) 6. Moment of a force or torque, T =

+ A, ] x(B;i+ B, j+Bk) EXAMPLE 39. Prove that the vectors A=21-3 ]"\ -k and
+Akx(Bi+Bj+Bk) E:—6?+9f+3£afepnraﬂel.
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. ik v 1A x B 1= {32 + (<3 + (<3 =27 =35
Solution. Ax B=| 2 -3 -1 3l
-6 9 3 Hence 1 = 3————' =7, J—l—r(r—; ~k).
I e Y B | Y I | Rl
—zl 9 37 /|-¢ 3|*%|_g 9| bz\.LHPl..L:!- 3. Find a vector whose length is 7 and which is
perpendicular to each of the vectors :
2 8 A o -— A ~ A A A
SHE949)-j(6-6)+ k (18-18)=0 A=2i-3]+6k and B =i+j=
Hence :—‘;H B. Solution. Here
Exasers qo. Calculate the area of the parallelg;gmmnwhos:r Y { ik
two adjacent sides are formed by the vectors A =31+ 4] Ax B=12 =3 46
1 1 =1

and -§=—31?+7f. a A A
=i(3=6)-j(-2-6)+k(2+3)
=-3{+8/+5k

| Ax Bl= (-3 +8% + 52 =88 =7.2.

+£’ 3 4’ UnitvectorperpendiwlartoZand gis

Solution. X % E =

-3 7 & Ax 3-2—3f+8f+5§
=i(0-0)-/ (0-0)+ 21+12)=33§ |Ax B 72
Area of parallelogram Required v ol
~1Ax Bl=JoZ+0% 332 = . Y
=1Ax Bl=\0?+07 +337 = 33 5q. units. g =7( 3.+:[%+5£ )

Exampre g If Aand B denote the sides of a parallelogram

1, 4.9
== (-3i+8j +5k).
and its area is AB/2, find the angle between A and B. 75 -31+8] +5k)

Solution. Area of parallelogram Exasivri 4.4. Determine the sine of the angle between the
=|,_4'x §|=ABSMU=ABIZ veclors3?+f+2fand2f-2f+4f.

: lution. Let
Sin9='1" or B*=30°' Sou n.-—’ aoop A - A A A

A= 21+]+k tmdB—n-;+2k [Chandigarh 04] ol i ; k
. ThenAx B=|3 1 2
Solution. The perpendicular unit vector n is given by 2 -2 4
Ax B=ABsin0n =1Ax Bin pl o2 a3 2] g3 1
. -2 4|72 4% |2 -2
. s WL
™™ =i(4+4)-] (12-4)+K (-6-2)
A ;’? =8i1-8) -8k
= = s
NowAx B=|2 1 1 | Ax B= 8% +(-8) +(-8)’ =83
i, 1 2
A - 2 7 _
e 1] lz 1( o2 ll | Al=y3?+ 12 +22 =13
-1 2 [1 -1 | Bl=y2%+(-27 +4% =24
={@24+1)-] (4 -1)+ k(-2 -1) . oy |Ax B| 83 _2
=37{-3/-3k | Al B] REER
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Examprr 45. Show that
- = - — — o
(A-B)x(A+ B)=2(A x B)
Solution.
—+ —
LHS.=(A- B)x(A+ B)
—AxA+AxB -BxA-Bx B
—» - - - = =
= Ax B+ Ax B+ 0

-2(Ax B)=R.H.S.

ExAmpLE 46. For any three vectors A, Band C, prove that
v — -+ e o o —* — —» —
Ax(B+ C)+ Bx(C+ A)+ Cx(A+ B)=0.
Solution. L.H.S.

=Ax(B+C)+ Bx(C+ A)+ Cx(A+ B)

- 3 — e s

=Ax B+ AxC+BxC+BxA+CxA+Cx B

=k =b =% »=p =3 -3 = =S = e e

=Ax B+ AxC+BxC-AxB-AxC-BxC
(o Bx A=A x B

=0 =RHS.
Examrre g47. For any two vectors A and E prove that
-5 = 2 2 = =,
(Ax B =A’B*~(A. B)
[Himachal 07, 09C)

d
d

Solution. L.H.S. =( A x B)2
] — 2 X 2
=| Ax B|"=(ABsin )

= A®B% (1 - cos® 0)
= A*B? - (;‘HBcosﬁ)2
- A2B - (A. B) =RHS.
Exampeie 48, Find Z B if |Ai=2, |B|=5 and
| A x B|=8.
Solution. As
— = o = 5 =5 —+ =y
|Ax BP=|A*| B -(A. B)
82=22x 5 ~(A. B)?
—p —Dz
or (A.B)F=100-64=36
A.B=4%6.

EXAMPLE 49. Fr’nd—’rhc area of the m‘anglf ﬁrm:ed l:y the
tips of the vectors a =1 -j -3k, b =4:i-3j +k and
f +2k.

Solution. Let ABC the triangle formed by the tips
of the given vectors.

- _a
¢ =31 -

Then
BA=a -b =({-§-3k)-(47-3]+¥)
A+ }A 4A
BC = ?-—E’:( 3i-]+2k)-(41-3]+K)
=—i+2]+k
MNow
.
- -
BAxBC=|-3 2 -4
-1 o1

=i (2+8)~] (=3 -4)+k (=6+2)
=107 +7 -4k

| BAx BC| = /(10 +7% +(~4)? =165 =12.8

Ar. of AABC =1 | BAx BC|

L)

=1x 12.8 = 6.4 sq. units.

ra

Examrre 50. Find the moment about the point (1,-1,-1)
of the force 3 i+4 ; -5k acting at the point (1,0, -2)

Solution. Here }-7):3:9-1-4‘;'*—5.'?

Let P be the point about which moment is to be
obtained and A be the point at which force is applied. If
O'is the origin, then

OP=i-]-k, OA={+0f-2F

- — —
PA=0A-0P
=(i-0j-2Kk)=(i-]-k)
=;-k
Moment of force F about the point Pis
I
— e
PAx F=|0 1 -1
3 4 =5
=i(-5+4)-] (0+3)+k(0-3)
=—i-3]-3k.

Exampre 51. The diagfnafs of a parallelogram are given by
thevectors3 i1+ j +2 k andi -3 j + 4 k . Find the area of
the parallelogram.

Solution. If A and B are the adjacent sides of the
parallelogram, then its diagonals will be

—

A+B=3i+]+2F

=f—3;¢+4f

=l
Sl

and
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Now A x E:%(—*_E)y A4 E)

—

K
11 -3 4
13 1 2

Hi(-6-4)-j@2-12)+k (1+9)]
=1(-10{+10] +10k)

Area of parallelogram

=| Ax B(=1(-10* +10% + 107

% x 17.32 = 8.66 sq. units.
Exampre 52. In any AABC, prove that
a b c

sinA sinB sinC

Solution. As shown in Fig. 4.53, the vectors a, b

and ¢ are cyclic, therefore
- e -~ =5 —-
a+b+c =0 or a+b =-c¢
- > e = 4 —» ' = = - —»
or (a+b )x¢c=—-¢cxc or axc+bxc=0
— -—p - — —
or -rxa+bxc=0
- —+ —+ -~
or bx c=¢cxa (1)
. . - = —* + .-
Similarly, ax b=bx¢ ...(if)
Fig. 4.53
From (i) and (ii), we get
- —» » > » -»
ax b=bx c=c¢cxa
or | a% bl=| b x :.']=I;‘>-‘ a|
= ab sin (180° — C) = be sin (180° — A)
= ca sin (180° - B)
or absin C=bcsin A=easin B
Dividing throughout by abc, we get
sinC sinA sinB a b ¢
—_—= = - of —— =—— = ——
C a b wsin A sin B sinC

& = =
Examerr 53.1f a, b, c are three vectors such that

- = -+ - = —+ — - —»
a.b=a.c, axb=axc¢, az#l
— s
then prove that b = c.
-  — — =k
Solution. Given : a.b=a.c
- =4 e
or a.b-a.c=0
— - —
or a.(b-1c)=0
But a # 6
o - - -2 ~» -
Either b-¢c=0 or al(b-rc)
-3 —»
= Either b=c '
R - -3 (1)
or al(b-c)
- - > —
Also, axb=axc
— -3 - — —h -~ - o I
or axb-axe=0 or ax(b-c)=0.
s
But a=#0
— — — —5 - -
Either b-c=0 or all(b-rc)
= Either b=c¢ l -\
) "y A [ (1)
or all(b-rc)

Buta cannot be simultaneously perpendicular and

parallel to ( l; ~ ?), so equations (i) and (if) will hold

—>

—»
simultaneously if b = ¢.

A

ExampPLE 54. If a =lf—2f—3£. b =21+ f—k and

i A A - —3 -
c=1+3]-2k, then find a x(bx c).

b

e

i
Solution. b x ¢ =| 2
1

A

=1(-2+3)-] (-4+1)+k(6-1)

:Jff3f+5£

Now
| i ]k
ax(bxc)=|1 -2 *34
1 3 5|

=i (-10+9)~] (5+3)+k(3+2)

=—f—8f+51$.
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¥ PROBLEMS FOR PRACTICE

1L FA=1s 3f+2l? and H:B?+f+2l2,thenﬁnd

a'

10.

1L

- -
the vect roduct A x B. i X A
€ vecior product 4 (Ans. 4+ 4] -8%)

Prove that the vectors A=4i+ 3f+ k and

E=12f+9f+ 3k are parallel to each other.

I A=2{ +3] +k and B=37+2]+ 4, then
find the valueof(;{+ ﬁ)x(;{— E).

(Ans. 207 + 10 ] + 10k)
Find the value of a for which the vectors
3;+3f+9§ and 1 +af +3k are parallel.
(Ans.a=1)
Find a unit vector perpendicular to the vectors
X=4f—'f+3kf and E=—2f+f—2f.
[Ams. 1 (~7+2]+ 2k )
Find the sine of the angle between the vectors
A=3i-4j+5kand B=i~+k. (Ang 15
Find a vector of magnitude }8 .Whic,h is
perpendicular to both the vectors 4i - j + 3k and

—zf. O_ZE. A o A
i (Ans. - 61 +12] + 12k)

Determine the area of the parallelogram whose
adjacent sides are formed by the vectors

Aof-3)+k and B=ts J5E.

' (Ans. 42 square units)
Find the area of the triangle formed by points O, A
and B such that OA={%2]+3k

= A A
OB=-3i-2j+k. (Ans. 375 square units)
Find with the help of vectors, the area of the
triangle with vertices A (3, - 1, 2), B(1,- 1, - 3)and
C(4,-3,1). (Ans. V165 / 2 sq. units)

If Xand Em two such vectors thall;i'|=?~
I§|=? and A x §=35+2f+ 6f,ﬁndtheangle

- -y
between A and B.

and

(Ans.n/6)

Find the moment about the point i+2 ; —k of a

force represented by 3i+k acting through the

point 21 - j + 3k. (Ans.-3i+11]4+9k)

=

Prove:hat(fi’+5'}x(5'—l_r‘)=2(b xa ).

= 5

14. Provethatlfxf]=\fa2bz—(5’.b ).

—» - —» e e I
Find| A x B|if| A|=10,| B|=2and A. B=12
(Ans. 16)

A A ~

fa=i-2/-3k, b =2i-j-k and

-
C

16.

—

={+3] -2k, find (2 x b)xe.

(Ans. i+ + 2k)
Calculate the area of the triangle determined by the
two vectors : X=35+4f and §=—3f+7f.

ICentral Schools 08, 09]
(Ans. 16.5 square units)

Find the area of a parallelogram formed by vectors

X=3f+2f. §=—3ff+7f

[Central Schools 07]
(Ans. 3V3 square units)

17.

18.

19. The diagonals of a parallelogram are represented

by R =31 +2/-7F and R,=5i +6] -3¢ . Find
the area of the parallelogram. [Chandigarh 07]
(Ans. 2¢/509 square units)

4.18 MOTION IN A PLANE
39, Show the position vector for a particle in two
dimensional motion. Write an expression for this
position vector.
Expression for position
vector. Fig. 4.54 shows the

position vector CfP of a

particle located at P with
respect to the origin O. If
(x,y) are the coordinates
of point P, then

> ~* - » X
OP=0A+ OB o
i A » Fig. 4.54 Position
ot rExivyl vector.

. -
This equation expresses position vector r in terms
of its rectangular components x and v.

40. Show graphically the displacement vector for a
motion in two dimensions. Write an expression for displace-
ment vector in terms of its rectangular components.

Expression for displacement vector. Suppose a
particle moves in the X-Y plane along the curved path



shown in Fig. 4.55. The particle is at point P(x, y) at
time t and at P (x', y') at time ¢’

(0] J}-— Ay —
Fig. 4.55 -Displacement A7 and average velocity v'.
Using triangle law of vectors addition,
O;’ -OP+ Pf’
So the displacement vector is
PP = OF - OP

=7 -7

=
or Ar
The direction of A r is from Pto P,

In terms of rectangular components,
A?—(I'i'«-_u' ; )= (x 4 y ; )
=(x —:\');+ (v —w) i
or AT =Axi + Ay fA

41, Write an expression for average velocity in terms
of its rectangular components. Hence write an expression
for instantaneous velocity. Find the direction of instan-
taneous velocity.

Average velocity, Refer to Fig. 4.55. Suppose the
particle moves from point P to P in time f to . The
average velocity of an object is the ratio of the displacement
and the corresponding time interval. So it is given by

Ar Avi+Ay] Ax: LAy s
= — = — — = 4

0 =
At At At At

[Here Af = - #]

F =

or

-

This equation expresses average velocity 7 in terms
of its rectangular components v, and 7, .

As

- _Ar o\ .
v =’ so the direction of the average

-

velocity is same as that of displacement vector A r, as
shown in Fig. 4.55.

Instantaneous velocity. The instantaneous velocity of
a particle is equal to the limiting value of its average velocity
when the time interval approaches zero. It is given by

» . Ar if;
lim -
At—=0 At dt

YA

YA

L X
o © @) d)

F-ig. 4.56 As At — 0, the average velocity approaches

the velacity v'. The direction of v’ is parallel to the
line tangent to the path.

Direction of instantaneous velocity. In Figs. 4.56(a)
to (d), the thick line curve represents the path of an
object. The object is at point P at time L. P, , P, and P
are the positions of the object after time intervals A t,,
At,and At,; where At >Af, > AL, . The directions of
average velocity © are shown parallel to the corres-

. . > ¥ -
ponding displacement vector An, Ar, and Ar, , for the

decreasing values of Af. As Al -0, A7 -0, and the

direction of velocity is along the tangent to the path, as
shown in Fig. 4.56(d). Hence the direction of (instan-
taneous) velocity at any point on the path of an object is
tangent to the path at that point and is in the direction of motion.

42, Obtain an expression for instantaneous velocity
in terms of its rectangular components.

Velocity in terms of rectangular components. The
instantaneous velocity is given by

.

’ i" _ Ar . Ax 1:\+ Ay |
v =2 = lim e fiy S )

= 1
di  At—=0 At At-0 Af




, Ax ) . _\u ;h A d:/
=| lim ——J1+[ lim '/ = 7
At=20 At ) L at-0 At ) df d!
= 4 A
or v=0,10+0, ).

If the coordinates x and y are known as functions of
time t, then we can determine v, and v, . The magni-

tude of ; will be

| 2 2]
D= I“L!_ +

VX Y
rectangular componen s (2%

Figure 4.57 shows the and

v, of velocity v. If v makes angle 6 with X-axis, then

ke

tan®=-Y or Oztan"[ !’J.
2,

i

rd,

X

YA

0 » X

Fig. 4.57 Components v, and v, of velocity V.

43. Write an expression for average acceleration in
terms of its rectangular components. Hence write an
expression for instantaneous acceleration. Find the
direction of instantaneous acceleration.

Average acceleration. The average acceleration of an
object is the ratio of the change in welocity and the
corresponding time interval. If the velocity of an object

>

e
changes from v to v' in time Af, then the average
acceleration is given by

_ P-v. Ao Alpgi+v, ;) o, o AT,
== == B = o = — ]
At At At At At
o - & P W
or a =a.1+a,]

This equation expresses average acceleration @ in
terms of its rectangular components a4, and a,. As
—>

Av

a = , 50 the direction of average acceleration is

same as that of the change in velocity Av .

Instantaneous acceleration. The instantancous
acceleration of an object is equal to the limiting value of its
average acceleration when the time interval approaches zero.
[t is given by

B . A t"' tf v
a = lim —
At =0 A! (f(

Direction of instantaneous acceleration. In Figs. 4.58(a)
to (d), the thick line curve represents the path of object’s
motion. The object is at point P at time L. P, P, and P,
are the positions after time intervals A, Mq and At,
where At > At, > At,. The velocity \'edors at points I’
R, P, and P, are =;h0u n in the figures. In each case, the
change in velocity A v is obtained by using triangle law
of vector addition. Again, in each case the direction of
average acceleration @ is shown parallel to A v.

YA Y

. (a)

(c) (d)

Fig. 4.58 The average acceleration for three time
intervals (a) Ag, (b) AL, and (€) AL, (Af > AL, > AL).
(d) In the limit At - 0, the average acceleration
becomes the acceleration. ’

As At decreases from (a) to (d), the direction of A v

and hence that of a changes. In Fig. 4.58(d), as At — 0, the
average acceleration becomes the instantaneous
acceleration and its direction is as shown.

‘r--.; .._,-_‘_l.“:__ 1 " .. . o J
5 a0 T 1

A For motion in one dimension, the \elncnv and
acceleration are always along the same line either in
same direction (for accelerated motion) or in

opposite direction (for decelerated motion).

& For motion in two or three dimensions, the angle
between velocity and acceleration vectors may have
any value between 0 and 180°,



. 44, Obtain an expression for instantaneous accelera-
tion in terms of its rectangular components.

Acceleration in terms of rectangular com-
ponents. The instantaneous acceleration is given by

- d? A? A(\vxi*'vuj)
4 =—= —_— m -
t Ab 0 At At -3 0 At

Av, )\ » Av, .,

=( lim —* ]l‘-&- im —= |
At->0 At Al -0 Al )
di’) A d'i’v A

=—X74+—=7]
dt dt

—» A A
or a=ai+a,]j

»
This equation expresses acceleration @ in terms of

its rectangular components a, and a,. We can express
a, and a, in terms of coordinates x and y as follows :

d 2

dt  di\ di dt

do 2
and a =—y=£(ﬂ]=dy.
Yoodt  dt\dt) dr

4.19  MOTION IN A PLANE WITH

UNIFORM VELCOITY

45. Define uniform velocity. Show that two dimen-
sional uniform velocity motion is equivalent to two one
dimensional uniform velocity motions along two perpen-
dicular directions.

Uniform velocity. A body is said to be moving with
uniform velocity if it suffers equal displacements in equal
intervals of time, however small.

Position vector for uniform velocity. Consider an*

object moving with uniform velogity 7" in XY-plane.

Let f+(0) and ?(t) be its position vectors at times f =0
and ¢ = { respectively. Then

2 _ F(h-7(0)
t-0

or F(t)= 7(0)+ v ¢t (1)

In terms of rectangular components, we can write
A ]

- A A
2 =0,1+7,], where v=_lo; + v,

y
F(0)=x(0)i +y(0)]

r(t)=x()1 +y(t)]

Substituting these values in equation (1), we get

x(£)i +y(t)f =x(0]; +y(0)f +(v, i+ 0, f ).t

or ()i + Y1) =[x0)+v, i +[wO0)+v,1]]  .(2)

Equating the coefficients of { and | on both sides,
we get
x(t)=x(0)+uvt

y(t)=y(0)+ vy!

The above two equations represent uniform
motions along X-axis and Y-axis respectively. Thus
equation (2) shows that a uniform motion in two-
dimensions can be expressed as the sum of twe uniform
motions along fwo mutually perpendicular directions.

4.20 MOTION IN A PLANE WITH
CONSTANT ACCELERATION
46(a) Define uniform acceleration. Show that in
two-dimensional motion with uniform acceleration, each
rectangular component of velocity is similar to that of
uniformly accelerated motion along one dimension.

Uniform acceleration. A body is said to be moving
with uniform acceleration if its velocity vector suffers the
same change in the same interval of ime, however small.

Velocity vector for uniform acceleration. If o, and

-P
v be the velocity vectors at times t=0 and t=t
respectively, then the acceleration is given by

T + 3

Bl U=, _ I'—UU

a = - = =
t-0 t

or U=Z‘G+ﬂt

Writing the above equation in terms of rectangular
components, we get

A

A A A A A
Vel + 0, ] =0V 1 +Tp, ] +(a 1 +a_wr)t

A - A A~
or v i+y. | = (v, +a b)i+ (zrny + ayf)]

Comparing the coefficients of { and ; on both sides
of the above equation, we get

i, —
o, =v, +a.t and v —vﬂy+ayf

¥

The above two equations show that each rectangular
component of velocity of an object moving with uniform
acceleration in a plane depends upon time as if it were the
velocify vector of one- dimensional uniformly accelerated
motion.
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46(b) Write an expression for the instantaneous
position vector of an object having two dimensional
motion under uniform acceleration. Hence show that a two
dimensional uniformly accelerated motion is a combination
of two rectangular uniformly accelerated motions.

Position vector for uniform acceleration. Consider
-
a particle moving with uniform acceleration a. Let %

and r beits position vectors at times 0 and  and let the
velocities at these instants be t_':) and v . Now

Displacement = Average velocity x time interval

- - - - o
- 2 Y+ v+(vn+at)
or r=n= xi=—0—0  _“xt
2 2
—Uot"'-z-ﬂt
or r:}b-’-t?{]f'&iﬂf

This equation gives position of a uniformly
accelerated particle at time f Writing the above
equation in terms of rectangular components, we get

xi + yf =x0f+ y0f+(vdxf+ voyf)t + :.}_—(axf +'a!',j")t2
Equating the coefficients of i andf on both sides,
we get
X=Xy + Vg, t+%ax ¢

and y=y0+noyt+%qyt?

The above two equations show that the motions in
x and y directions can be treated independently of each
other. Thus, the motion in a plane with uniform
acceleration can be treated as the superposition of two
separate simultaneous one-dimensional motions along two
perpendicular directions.

m In uniform acceleration, the position vector
at time ¢,

3 - W 15 e
r —fo+Vol‘+aO t

Similarly, position vector at time t’ is

—

r = ) 1 oz
r=r, +vot +;a t
y =y
r'H? =v°(t —t)+éa t® - t")
-
or r =?+v°(t'—r)+§6'(t"—r’)

Prove that v° - v} =2a .(?—;:, ).
From first equation of motion,

t (1)

- = -
v:vo+at or

Now,
displacement = Average velocity x time interval
—r —r
-+ =+ U T
or r=np= x t
2
- -
ty 5 X (!‘ - )
or v+, = _t_o (2)

Taking the dot products of the corresponding sides
of the equations (1) and (2), we get
-
(F - 'i))
t
or z:z—zrg=2? .(?—;J).

— - - — —
(@ -7y (v +y5)=at.2

Examples based on
Motion in 2 Plane

Concepts Usep

1. Distance is the length of actual path traversed by a

moving body between its initial and final positions.

2. Displacement is the shortest distance between the
initial and final positions of a body.
Distance travelled

Time taken
Displacement covered

Time taken

3. Average speed =

4. Average velocity =

5. Instantaneous velocity, 7

6. Instantaneous acceleration, @ =

Units Usep

Displacement and distance are in metre, average
speed and average velocity are in ms~ y

Example 55. A cyclist moves along a circular path of

radius 70 m. If he completes one round in 11 s, calculate

(i) total length of path, (i) magnitude of the displacement,

(iii) average speed, and (iv) magnitude of average velocity.
Solution. Radius of the circular path, r=70 m
Time taken to complete one round, f=11s

(i) Total length of path,
s=2mr=2x 2 x70 =440 m..
/
(if) As the cyclist returns to the initial position after
one round, magnitude of the displacement =0.

440m

) S =3

iif) Average speed =- =- =40 ms .
(i) 8 t 11s

) ; Displacement 0

v) Average velocity = ———— =— =0.
(iv) Averag R Time 1



Fxainple 56. A particle is moving eastwards with @ Exastprr 38. If the position vector of a particle is given by :

e —— 1 . o
vetoctty of 5 ms™. In 10 seconds, the velocity chanees to  — S A . .
) y.q " ok 4 & r=(4cos2t)i +(4sin2t) ) +(6t)k m, calculate its accele-

5 ms™' northwards. Find the average acceleration of the : .
particle in this time mterval. [AIEEE 05] ration at t =x /4. [S.C.R.A.91]
Solution. In Fig. 4.59, Solution. Position,
; = e 8 ' A A
QA = Initial velocity v, =5ms ! due east r =(4cos2t)i +(4sin2f) j+6tk.
- 3> -
s _ 1 VR Wy 1 i [ > dr ; &
OB = Final uvluut} v, =5ms ', due north Velocity, v = —— =[4(~sin2t).(2)]1

é
L t[4(cos2t).(2)]] +6k
=(-8sin2t)1 + (B eos2t) | +6 K
Acceleration,
- d:';
a=——-
dt
=[-8 (cos2)(2)] 1 + [B(=sin2£)(2)]
=(~16 08 28) 1 +(~16 sin 2¢) |

Fig. 4.59 Whent=n/4 L

@ =(~16 cos 1/2){ +(~16 sin n/2) ]

w

By A law of vector addition,
» -
OA+ AB= 0B

= = > " =(—'lbx0)é.‘+(—1b'='l);: =—16)A' ms .
AB=0B-0A= Uy — 0,

- ——— —

= Change in velocity * PROBLEMS FOR PRACTICE
[ {!: - ;,-I' | = AB= 0A% + OB L. A body is moving with a uniform velocity of 10 ms ™!
B — on a circular path of diameter 2.0 m. Calculate
=J5°+5" =52 m (i) the difference between the magnitude of the

displacement of the body and the distance covered

Average acceleration : ; . :
& in half a round and (i) the magnitude of the change

»

AV =7 | .'"1\-'3 in velocity of the body in half a round.
t 10 (Ans. 1.14 m, 20 ms ™ )
= 3 ms 2. along N-W direction. 2. A particle starts from origin atf = 0 with a velocity
A

J " ) = . 1 5.01 m/s and moves in x-y plane under action of a
Fxample 57. The position of a particle is given by :

. g & - force which produces a constant acceleration of
r =30t +201° ) +50k

_ o (307 + 2.0 ; ) m /2. () What is the y-coordinate of
where t is in seconds and the coefficients have the proper , . b ing it x-coord; is.84m 7
units for r to be in metres. (a) Find v(t) and a(f) of the o P,‘"m_t — mslm_ﬂ i revor mare' = m,
particle. (b) Find the magmitude and direction of v () at (b) What is the speed of the particle at this time ?

! — 3“ s [NCERII INCERT, Cen'l’ﬂl Schoois D3|
] _ . By . [Ans. (a) 36.0 m (b) 259 ms ™ ']
Solution. Here r" =30¢:1 420t ; + 50k

i i ®£ HINTS
- ar i 2 2 0 A
vif)=—-=— (30t +204) +50k) 1. (i) InFig. 4.60, let A and B be the initial and final
A positions of the body after half around.
=3.0i+40¢;
=17 s 40) N I
a = - =44, . ~
di / . ‘\
» A n i/
Att=30s, v =301 +12.0 |
0 2 |- “ - B ’ -A) “1
I's magnitude is v=,3"+12° =124 ms™! and % : 1
i o 112 L /I
direction is 0 = tan™ ' (=tan " | — I= 76" “s g’ 4

\ ¥ ) \ 3 Fig. 4.60 C
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Distance covered = Half circumference
=mr=314x%x10 =3.14 m

Magnitude of displacement = AB=2.0m

Required difference = 3.14 - 2.0 =1.14 m.

(if) Let .3: and z_'; be the velocity vectors at A and B.

Then AV =% -5 =10~(-10)=20ms .
2. The position of the particle is given by
P ()=t + 24t
=500t +(1/2)(3.0i+207] )¢

or x(!)f+y(r)f = (5.0t + ].5t3)|{'+ l.(Jtzl,rf~

x(t)=5.0¢+ 15¢%; y(t)=1.0¢>
Givenx (t)=84m, t=7?

50t +15t°=84 = =65
Att =6s,  y=1.0(6)"=36.0 m.

¢ —p d? A A
Velocity, iy =(5.0+3.0¢) 1+ 2.0t
Att=6s, ©=230i+120]

Speed =| 7[=y23" + 12° =259 mg™ ..

4.21 RELATIVE VELOCITY IN

TWO DIMENSIONS

47. Define the term relative velocity. How can it be
obtained vectorially ?

Relative velocity. The relative velocity of an object A
with respect to object B, when both are in motion, is the rate
of change of position of object A with respect to object B.
Suppose two objects A and B are moving with velo-

.
cities ;,4 and vy , with respect to ground or the earth.
Then

Relative velocity of object A w.r.t. object B

- - -
Vi =Us~Up

Relative velocity of object Bw.r.t. object A4,
s - .
Upa =Up 74

Clearly,
- :‘? —» —%

Vpp=~Vpq and |v.p|=|vg,

|
Now, relative velocity of object A= r-::,‘ + (- 5.5)

=Velocity vector of A + Negative velocity vector of B

Hence the relative velocity of object A with respect
to object B is equal to the vector addition of velocity
vector of A and the negative velocity vector of B .

48. A man moving in rain holds his umbrella
inclined to the vertical even though the rain drops are
falling vertically downwards. Why ?

Rain and man. The man experiences the velocity of
rain relative to himself. To protect himself from the
rain, the man should hold umbrella in the direction of
relative velocity of rain w.r.t, the man.

Visrtical

N L)
= Uy Up
W———m
Cj (8] .j\ .
el
A%

Fig. 4.61 Rain and man.
As shown in Fig. 4,61, consider a man moving due

east with velocity I?u . Suppose the rain falls vertically with

_’ . I3 . »
velocity vg. The relative velocity of rain w.r.t. the man is
—p —¥

» —» —» =+ * =F
Upm =Up ~ Uy =0g +(-7,,)=0B+ OC=0D

If OﬂD makes angle 0 with the vertical, then
DB _vy
OB

tan @ =
Ve

So the man can protect himself from rain by
holding his umbrella at an angle 8 with the vertical in
the direction of his motion.

Examples based on

Formutae Usep

— -+ =
Ij

AB = Up~ g

1. The relative velocity of A w.r.t. B,

2. The relative velocity of Bw.r.t. A, }'?BA = .’TR - t_';

3. For two objects moving with velocities v, and v,
at an angle 0, the relative velocity of an object A
w.r.t. B is given by

| 2 2
Uyp = /U4 + Vg — 20,05 cos O

4. If velocity v, makes angle p with v, then

vy Sin B

tan p =
Uy~ Dgcos B

Unir Usep

. i . : -1
Velocities v, , v, and v, are in ms™ .
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ExamPLE 59. A boat is moving with a velocity (3 i+47]) Solution. In Fig. 4.63, the true velocity of the car is
with respect to ground. The water in the river is moving ;;C - OA =40km h!, due east

with a velocity -3 i -4 | with respect to ground. What is

the relative velocity of boat with respect to river ? i
[EAMCET 91] BE------ D
Solution. Velocity of boat, vy =31+4 ] e
’ —
Velocity of water, vy, =31 -4 ] ,;' e Ta
. Relative velocity of boat with respect to water is g P
s’
Y - — 2
Vg =0p — U
BW Bﬁ wA o o w—e = 0| > > E
=(31+4) )-(-3i-4j)=6i +8j. . ‘
ExXAMPLE 60. A particle P is moving along a straight line o
with a velocity of 3 ms™ Y and another patticle Q has a Fig. 4.63
velocity of 4 ms™ " at an angle of 30° to the path of P. Find , _ , .
the speed of Q relative to P. Relative velocity of bus w.r.t. car is
Solution. The situation is shown in Fig. 4.62. Here 5;(_ = OB =403 km h™', due north

OA =v,=3ms
Up =5 mS Let the true velocity of bus be along OD and

OB = 5& =4 ms™ !, inclined to t;;, at 30° £ BOD =p. Then

vy = OD =JOA? + OB
= 40% +(403)? =80 km h™!

dLL ST, =0 ite velocity of P.
p = OPPOS ty

OB 40¥3 3
f = 30°, east of north.

Exampre 62, A man rows directly across a flowing river in
time t, and rows an equal distance down the stream in time
t5. If u be the speed of man in still water and v that of stream,
Fig. 4.62 then show that :

Relative velocity of Q w.r.t. P is hilp=yutviju-v
Solution. The situation is shown in Fig. 4.64. While
rowing directly across the river, the resultant velocity

;QP=_5—5;=% +(—5,’,)==5B+ O_E'=O_b

In parallelogram OBDC, is perpendicular to the velocity v of the stream.
OC=3ms™ !, OB=4ms™', ZBOC =150°
- = \‘
Ugp = oD '\
=,/OC? + OB +20C . OB cos 150° Ne Al
u e
r - Y
=3 +42+2x3x4x(-43/2)
=49+ 16-12x 1.732 =25- 20.784 Ri:er ;L
= .

=/4216 =2.1ms™,
Examrie 61, To a driver going east in a car with a velocity Fig. 4.64

of 40 kmh™ ", a bus appears to move towards north with a ~. Resultant velocity across the river = JiF —?

velocity of 40v/3 km h™'. What is the actual velocity and )
direction of motion of the bus ? Resultant velocity down the stream =u + v

Ya
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Let s be the distance covered in each case. Then

. s
b =—— and t,=
u* - v* u+v

h_ u+7n _,/u+vx\/u+v_,fu+v
tzu‘[u2_z,2-,/u+vx,/u—v—,ﬁ¢~v

or tl:tzz,f:w v:,/u—v.

¥ PROBLEMS FOR PRACTICE

1. A train is moving with a velocity of 30 km h™' due Fig. 4.65
east and a car is moving with a wvelocity of . . =
40 km h™' due north. What is the velocity of car as 3. The Sltu-i:h(m is shown, in Fig, 4.56, Here
appears to a passenger in the train ? 0A = Velocity of person
(Ans. 50 km h™', 36°52' west of north) =48kmh", due east
2. Rain is falling vertically with a speed of 35 ms™'. A OB = Relative velocity of rain w.r.t. the person
woman rides a bicycle with a speed of 12ms™ ' in - 4
east to west direction. What is the direction in e » Ytically downwards
which she should hold her umbrella ? Vertical
(Ans. At an angle of 19° with the -
vertical towards the west) o 0| 48kmh' e -
3. To a person moving eastwards with a velocity of @ :A
48km h™', rain appears to fall vertically down- :
wards with a speed of 6.4 km h™', Find the actual I ™ :
speed and direction of the rain. v | E vy
- )
(Ans. 8 kmh !, 53°7'33" with the horizontal) 3 !
4. A ship is streaming towards east with a speed of !
12ms™", A woman runs across the deck at a speed /S E e
of 5ms™" in the direction at right angles to the
direction of motion of the ship ie., towards north. Fig. 4.66
What is the velocity of the woman relative to the - ) )
208 7 (Ans. 13 ms}, 22°37 north of east) If o, is the actual velocity of rain, then
5. A plane is travelling eastward at a speed of Upp = 5’,{— op
500km h™'. But a 90km h™" wind is blowing N
southward. What is the direction and speed of the or Vp=0gp +Up
plane relative to the ground ? 25
(Ans. 102 south of east, 508 km h™!) Complete ﬂ?e parall.elog:-am OACB. Then OCrepre-
;6 A reckless drunk is playing with a gun in an sents)the vain velocly 2
' airplane that is going directly east at 500 km h™. . = OC=JOA% + ACZ
The drunk shoots the gun straight up at the ceiling K
of the planf], The bgllet leaves the gun at a speed of - Jv‘f, Uy = J4.82 + 642 =8 kmh™ ..
1000 km h™'. Relative to an observer on earth, what
angle does the bullet make with the vertical ? o, . makes angle 6 with OE, then
(Ans. 26.6%) ,
t 9=A_C=15P_=g=i=1333
% HINTS OA v, 48 3
1- Ln. Fig' 4.65, 9 = 530 7'33”.

OA =t =30km h™
OC = 7. =40 km h™!

By = 00+ (~By) = OC + OB = OD

. As shown in Fig. 4.67, the woman has two velocities

simultaneously : (i) a velocity equal to the velocity
of ship which is 12 ms™" due east and (ii) a velocity
of 5ms™ ' due north.
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Fig. 4.67

Velocity of woman relative to the sea

= Resultant velocity of woman

= OC=,/0A% + OF =122 + 5 =13 ms"",

If the resultant velocity makes angle § with the
direction of the motion of the ship, then
AC 5
tan p = — =— = 04167
0OA 12

[} = 22°37', north of east

—— —————

422  PROJECTILE MOTION

49. What is a projectile ? Give some examples of
projectile mation.

Projectile. A projectile is the name given to any body
which once thrown into space with some initial velocity,
moves thereafter under the mfluence of gravity alone
without being propelied by any engine or fuel. The path
followed by a projectile is called its trajectory.

Examples of projectile motion :

() A javelin thrown by an athlete.

(ify An object dropped from an aeroplane,

(7if) A bullet fired from a rifle.
(iv) A jet of water coming out from the side hole of a
vessel.

(v) A stone thrown horizontally from the top of a

building.

50. State the principle of physical independence of
motions used in projectile motion. Give an illustration.

Principle of physical independence of motions. In
the absence of air resistance, the motion of a projectile
is considered as the combination of the following two
independent motions :

(1) Motion along horizontal direction with umiform

velocity.

(11) Motion along vertical direction under gravity

Le., with uniform acceleration equal to g.

The two motions of a projectile aleng horizontal and
vertical directions are independent of each other. This is
called the principle of physical independence of

motions. For example, if a ball is dropped downward
from the roof a building and simultaneously another
ball is thrown in a horizontal direction, then both the
balls will reach the ground at the same time but at
different places. Clearly, the vertical motion is not
being affected by the horizontal motion.

& [t was Galileo who first stated the principle of physical
independence of the horizontal and vertical motions
of a projectile in his book “Dialogue on the great
world systems”™ in 1632.

51. State the assumptions made in the study of
projectile motion.

Assumptions used in projectile motion. While
studying the motion of a projectile, we use following
assumphtions 3

(1) There is no air resistance on the projectile.

(1) The effect due to curvature of the earth is negligible.
(117) The effect due to rotation of the earth is negligible.
(i) For all points of the trajectory, the acceleration

due to gravity is constant both in magnitude
and direction.

PROJECTILE GIVEN HORIZONTAL
PROJECTION

52. A projectile is fired horizontally with a velocity u.
Show that its trajectory is a parabola. Also obtain
expressions for its (i) time of flight (ii) horizontal range
and (iii) velocity at any instant.

Projectile fired parallel to horizontal. As shown in
Fig. 4.68, suppose a body is projected horizontally with
velocity u from a point O at a certain height h above the
ground level. The body is under the influence of two
simultaneous independent motions :

(f) Uniform horizontal velocity .

(if) Vertically downward accelerated motion with
constant acceleration g.

Under the combined effect of the above two motions,
the body moves along the path OPA.

TO

4.23

H

R \ Ground
Y A

Fig. 4.68 Horizontal projection of a projectile.
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Trajectory of the projectile. After the time f,
suppose the body reaches the point P (x, y).
The horizontal distance covered by the body in
time f is
X =ut Loot=2
u
The vertical distance travelled by the body in time ¢
is given by

s=uf+J-al'2

or y=0x t+d 2 gt 3 gt
[For vertical motion, u =0]
2 .
g ) 2 [‘. —x ]
or x c f==
< 53[ J [Zu u
or y=kx* [Herék:%:a constant]
: 2u

As y is a quadratic function of x, so the trajectory of
the projectile is a parabola.

Time of flight. It is the total time for which the
projectile remains in its flight (from O to A). Let T be its
time of flight.

For the vertical downward moticn of the body, we use

§= ut+-2lat2 or n=0xT+ %gTz
2h

&

Horizontal range. It is the horizontal distance covered
by the projectile during its time of flight, It is equal to

or T=

OA = R. Thus
R = Horizontal velocity= time of flight =ux T
or R=u L

8

, Velocity of the projectile at any instant. At the
instant t (when the body is at point P), let the velocity
of the projectile be v. The veloacity v has two rectangular
components :

Horizontal component of velocity, v, =u
Vertical component of velocity, v, =0+ gt =gt
. The resultant velocity at point P is

v-‘jv +v, -Ju + gt

If the velocity » makes an angle § with the
horizontal, then

y=8_

tanf=— -
w(3)

v,

or

Examples based on
Projectile Fired Horizontally

FormuLae Usep _
1. Position of the projectile after time f :
x=ut, y= -21- gi‘2

2. Equation of trajectory : y= E%_.-,- 5

ﬁ:taﬂrl&
' u‘

4. Time of flight: T = E
2h

5. Horizontal range : R=uxT=uJ:

3. Velocity after time f :

Unirts Usep

Distances x, ¥, h and R are in metres, velocities, u
and v in ms™ ', acceleration due to gravity g in

ms~ 2, and times ¢ and T in second.
—— = -

=l

Exavere 63. A hiker stands on the edge of a cliff 490 m above
the ground arm' throws a stone horizontally with an initial
speed of 15ms™ . Neglecting air resistance, find the time taken
by the stone to reach the ground, and the speed with which it
hits the ground. (Take g =9.8 ms™ L [NCERT]

Solution. Suppose the stone is thrown from the
edge of a cliff with speed u =15 ms™ ' along the hori-
zontal OX. It hits the ground at point P after time .

u=15ms :

Fig. 4.69
Initial velocity in the downward direction =0
Vertical distance, OA=y=490m
As y=1g* : 490=1x98¢ or =100 =10s.

The horizontal and vert:cal components of speed v

of the stone at point P are -

o ~1
v, =u=15ms

v, =, +gt=0+9.8x10=98 ms™"

Jv + v} = |15% +987 = =991 ms™!
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Examrie 64, A pro;ectde is fired horizontally with a
velocity of 98 ms~ ' from the top of a hill 490 m high. Find
(1) the time taken to reach the ground (ii) the distance of the
target from the hill and (iii) the velocity with which the
projectile hits the ground.

Solution. (i) As shown in Fig. 4.69, the projectile i lS
tired from the top O of a hill with velocity u =98 ms™
along the horizontal OX. It reaches the target P in time £

Initial velocity in the downward direction =0
Vertical distance,
OA =y =490m
=1 ot
¥=3 8’
490 = 3% 9.8 t*

f= \W =10s.
(i) Distance of the target from the hill,
AP = x = Horizontal velocity x time
=98 x 10 = 980 m.

(i) The horizontal and vertical components of
velocity v of the projectile at point P are
1

As

or

v, =u =98 ms~
v, =, + gt =0+9.8x10=98 ms"

B ‘/v + zr

= (98" + 987 =98 V2 = 138.59 ms™'

If the resultant velocity v makes angle p with the
horizontal, then

1

tanp=-L=2=1 - -p=45%

Exaster i 65. A body is thrown horizontally from the top of
a tower and strikes the ground after three seconds at an angle
of 45° with the horizontal. Find the height of the tower and
the speed with which the body was projected. Take
g=98ms™ 2

Solution. As shown in Fig. 4.69, suppose the body
is thrown horizontally from the top O of a tower of height
y with velocity . The body hits the ground after 3 s.
Considering vertically downward motion of the body,

y=ut+ gt =0x3+1x98x(@3) =441m
[* Initial vertlcal velocity, i, =0]
Final vertical velocity, !

v, =u, +gt=0+98x3=294ms"’

Final horizontal velocity, v, =u

As the resultant velocity » makes an angle of 45°
with the horizontal, so

v

tan 45°= £ r 1=% or

v
Vs /]

“=29.4ms .

Examrre 66. A bomb is dropped from an aeroplane when it
is directly above a target at a height of 1000 m. The aeroplane
is moving horizontally with a speed of 500 kmh™ ', By how
much distance will the bomb miss the target ?

Solution. As the aeroplane is moving horizontally,
the initial downward velocity of the bomb, u, =0.
Also y=1000 m, g=9.8 ms™2, -’
- 1 o2
Now y=ut+ gt

1000=0+%x 9.8t

1000 ~ 100
or f= |— = 5
49 7
Horizontal velocity of the aeroplane
=500 kmh™
=50|J><-15L:ns‘1 ~@ms .
18 9

Distance by which the bomb misses the target
= Horizontal distance covered by the
bomb before it hits the ground
= Horizontal velocity x time

=20 g ~1984.13 m.

Examere 67. A body is projected horizontally from the
tap of a cliff with a velocity of 9.8 ms™ . What time elapses
before horizontal and vertical velocities become equal ? Take
£=98ms" ’

Solution. Horizontal velocity at any instant,
v, =n=98ms" ;

Vertical velocity at any instant, v =0+ gt =98¢

According to the question, v, =7,

98=98¢ or t=1s.

Exasmpre 68. A marksman wishes to hit a target just in the
same level as the line of sight. How high from the target he
should aim, if the distance of the target is 1600 m and the
muzzle velocity of the gun is 800 ms~ 17 Take g=98ms™“.

Solution. Let u be the speed of the bullet. In time ,
it covers a horizontal distance,

x =1600 m
x=ut
1600 =800xt or t=2s

Distance through which the bullet is pulled down
by the force of gravity in 2s is

But

y=1g"=1x98x@2)"=196m

. Height of the gun from the target =19.6 m.
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ExampLe 69, Two tall buildings face each other and are at a
distance of 180 m from each other. With what velocity must
a ball be thrown horizontally from a window 55 mabove the
ground in one building, so that it enters a window 10.9 m
above the ground in the second building ?

Solution. In Fig. 4.70, A and B are two tall buildings

which are 180 m apart. W, and W, are the two windows
in A and B respectively.

A B
wl i
TESP-—.T_’- --------------------
E | TS
3 T __yjz
DR . SRS, (
_l_ T109m
. « 180 m o

Fig. 4.70

Vertical downward distance to be covered by the ball
= Height of W, — Height of W,
=55-109=44.1m

Initial vertical velocity ot ball.

= 0
y=u, t+1g
41=0+1x98¢1
2 441x2
© 98
Required horizontal velocity
Horizontal distance 180 m
- Time © 3s

ExampPLE 70. A particle is projected horizontally with a

speed u from the top of plane inclined at an angle 8 with the

horizontal. How far from the point of projection will the
particle strike the plane ?
Solution. The horizontal distance covered in time ¢,

(1)

As

or f =9 or t=3s

=60 ms .

x=ut or t=i

-

Fig. 4.71

The vertical distance covered in time §,

2
y=0+1lgt*=lgx % [using (1)]
AJSO -'!=tan9 or y:xtane
x
2
8% —xtan®
2u
or z[g_’;-me]=o
2u
As x =0 is not possible, sox:__?.uz_tan_ﬂ
8

The distance of the point of strike from the point of
projection is
D=yx% +y* = /x? + (x tan 6)?

=x1+tan” @ =x sec®

=2u’

8

Exampre 71. A helicopter on a flood relief mission flying
horizontally with a speed u at an altitude h, has to drop a
food packet for a victim standing on the ground. At what
distance from the victim should the food packet be dropped ?

Solution. In Fig. 4.72, H represents position of the

helicopter and V that of the victim. For vertical motion
of the packet

or D tan 8 secd.

h=0+lgt2 or t=&
_ 2 8
=

u
h D
" ——
r L

Fig. 4.72

Horizontal distance covered by the food packet in

time ¢,
J|:=ut=uJg .
8

The distance of the point of projection from the
food packet is

3
D=y +x* = ih"wu.
8



4.44

PHYSICS-XI

* PROBLEMS FOR PRACTICE

L

3.

A plane is flying horizontally at a height of 1000 m
with a velocity of 100 ms™' when a bomb is
released from it. Find (i) the time taken by it to
reach the ground (if) the velocity with which the
bomb hits the target and (i1f) the distance of the
target. [Ans. (i) 14.28 s (if) 172.1 ms ™!, = 54°28’
(iii) 1428.5 m]
From the top of a building 19.6 m high, a ball is
projected horizontally. After how long does it strike
the ground ? If the line joining the point of
projection to the point where it hits the ground
makes an angle of 45° with the horizontal, what is
the initial velocity of the ball ?
(Ans.2s, 98 ms~ ')
A body is thrown horizontally from the top of a tower
and strikes the ground after two seconds at angle of
45° with the horizontal. Find the height of the tower
and the speed with which the body was thrown. Take
=98ms 7. (Ans. 19.6 m, 196 ms™ ")

Two tall buildings are situated 200 m apart. With'

what speed must a ball be thrown horizontally
from the window 540 m above the ground in one
building, so that it will enter a window 50 m above
the groaind in the other ? (Ans. 20 ms ™)

A stone is dropped from the window of a bus
moving at 60 kmh ™. If the window is 1.96 m high,

find the distance along the track, which the stone

moves before striking the ground. (Ans. 10.54 m)
An aeroplane is flying in a horizontal direction with
a velocity of 600 kmh ™! and at a height of 1960 m.
When it is vertically above a point A on the ground,
a body is dropped from it. The body strikes the
ground at a point B. Calculate the distance AB.
(Ans. 3333.3 m)
A mailbag is to be dropped into a post office from
an aeroplane flying horizontally with a velocity of
270 kmh ! at a height of 176.4 m above the ground.
How far must the aeroplane be from the post office
at the time of dropping the bag so that it directly
falls into the post office ? (Ans. 450 m)

In between two hills of heights 100 m and 92 m

respectively, there is a valley of breadth 16 m. If a

vehicle jumps from the first hill to the second, what

must be its minimum horizontal velocity so that it
2

may not fall into the valley ? Take g =9 ms™ ~.
(Ans, 12ms™")
A ball is projected horizontally from a tower with a

velocity of 4 ms™ ! Find the velocity of the ball after
0.7s.Take g =10ms 2. (Ans. 806 ms™ ', 60°15)

= HINTS
1. (1) For vertical motion ;
y=1g12 21000=1 x9.8¢2
or t?= 10000 =£Os=14.283
49 7

*

4.24

53
angle

(17) Velocity with which the bomb hits the target,

,f::z +gzt2 ‘/(100) +(98xg]
= 1007 + 130 =172.05 ms™!

gt 9.8 x 100 -14
u  100x7

. B =54°28".
(ifi) Distance of the target,

x = ut =1000 xl[?)—o =1428.51 m.

tan ff =

For vertical motion :

=_1 2 4 ____1 2
Y=g 8t . 176.4 2x9_8r
or t2=ﬁ’-ﬁ=36 A t=68
49
7
Also  u=270kmh~! = Z0%3 _ 75 mg-1

13 x=ut =75 x6 =450 m.
For vertical motion : u= 0,
y = Difference of heights =8 m, g =9 ms™?

2h fZ x8 4
= |[—= ==8

g 9/ 3
For horizontal motion ;

x = Distance between the two hills = 16 m

x=ut 5 oH==—=——=12ms ).

As y=%st2

As
Here v, = 1, =4ms”!
= _ _ -1
v, = U, +ayt =0+ 10:0.7—7ms
Resultant velocity, ;
=J0f + v} =4+ 7 =65 =8.06 ms™".

If velocity v makes angle p with the horizontal, then

tan B = =§-175 or B=6015".

" PROJECTILE GIVEN ANGULAR
PROJECTION
. A projectile is fired with a velocity u making an
0 with the horizontal. Show that its trajectory is a

parabola. Derive expressions for (i) time of maximum

height (ii) time of flight (iii)) maximum height
(iv) horizontal range.

-



Projectile fired at an angle 6 with the horizontal.
As shown in Fig. 4.73, suppose a body is projected with
initial velocity u, making an angle 8 with the hori-
zontal. The velocity « has two rectangular components :

(f) The horizontal component wucos®, which
remains constant throughout the motion.

(if) The vertical component u sin 8, which changes
with time .under the effect of gravity. This
component first decreases, becomes zero at the
highest point A, after which it again increases,
till the projectile hits the ground.

Fig. 4.73 Trajectory of a projectile fired at an
angle 6 with the horizontal.

Under the combined effect of the above two
components, the body follows the parabolic path OAB
as shown in the figure.

Equation of trajectory of a projectile. Suppose the
body reaches the point P (x, y) after time f.
. The horizontal distance covered by the body in
time f,
x = Horizontal velocityx time=u cos 0.1
X

t= B
ucos b

or

For vertical motion : u=usin0, a=- g so the
vertical distance covered in time ¢ is given by

st + TG
2
or y—usin@ 1 _xz—
. "t cos O 28'u2c0529
g 2
or =xtanf - ——=——1x
¥ 2u° cos’ @
or y=px—gx’

where pand g are constants.

Thus y is a quadratic function of x. Hence the
 trajectory of a projectile is a parabola.
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Time of maximum height. Let { be the time taken
by the projectile to reach the maximum height i .
At the highest point, vertical component of velocity
=0
v=u+at

As O=usin@-gt,

u sin 6
or ., =
8
Time of flight. It is the time taken by the projectile
from the instant it is projected till it reaches a point in the
horizontal plane of its projection. The body reaches the
point B after the time of flight TJr .

- Net vertical displacement covered during the
time of flight =0

As §=ut + L at®
2
0= usin 0., - 28T
E Tr _ 2usin@
’ &

Obviously, T, =21 . This is expected because the
time of ascent is equal to the time of descent for the
symmetrical parabolic path. -

Maximum height of a projectile. It is the maximum
vertical distance attained by the projectile above the
horizontal plane of projection. 1t is denoted by & .

At the highest point A, vertical component of
velocity =0

As v’ —u*=2as

0% ~(usin 0 =2 (-g) h,

_u*sin® 0

2g

or h,

Horizontal range (R). It is the horizontal distance
travelled by the projectile during its time of flight. So

Horizontal range = Horizontal velocity x time of flight

- : 2
R=uc059x2“sme=i.2 sin 0 cos 0,

8 8

or

_u’sin28
8

54. A body is projected at an angle 6 with the
horizontal. Derive an expression for its horizontal range.
Determine the condition for maximum horizontal range.

or R [ 2 sin 0 cos 8 =sin20]

.Show that there are two angles of projections for the

same horizontal range. Also calculate the velocity of the
projectile at any instant t and at the end point of the

flight.
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Horizontal range. Refer answer to the above
question.

Condition for the maximum horizontal range. The
horizontal range is given by

u*sin 20
8
Clearly, R will be maximum when
sin26 =1=sin90°
20 =90° 6 =45°

Thus the horizontal range of a projectile is maximum
when it is projected an angle of 45 ° with the horizontal.

The maximum horizontal range is given by
B u? sin90°_u2><1
A
R, =utlg |
Two angles of projection for the same horizontal

range. The horizontal range of a projectile projected at
an angle 8 with the horizontal with velocity uis givenby

R=

or or

R

or

2 .
R=Y sin26
8
Replacing @ by (90° - 8), we get
2 o _ :
Rl sm2(90 0)
8
_ u* sin(180°-20) u*sin26 -
o 3 g
Le., R'=R )

Hence for a given velocity of projection, a projectile h
the same horizental range for the angles of projection 8 and
(90° - 0). As shown in Fig. 4.74, the horizontal range is
maximum for 45°. Clearly, R is same for 8 =15°and 75°
but less than R,. Again R is same for 8 =30° and 60°.

Y
T
£
]
X
" Fig. 4.74 R is same for 6 and (90°- 6). R is maximum

for 8 = 45°

When the angle of projection is (90° — 8) with the hori-
zontal, the angle of projection with the vertical is 6.
This indicates that the horizontal range is same whether 8 is

the angle of projection with the horizontal or with the
vertical, as shown in Fig. 4.75.

Y

Height —

X

Fig. 4.75 R is same for angle of projection 8 with
horizontal or with vertical,

Velocity of projectile at any instant. As shown in
Fig. 4.73, suppose the projectile has velocity v at the
instant  when it is at point P (x, y). The velocity v has
two rectangular components :
Horizontal component of velocity,
v, =ucosf

Vertical component of velocity,
v, =usin@-gt

The resultant velocity at point P is

v=JoF + 02 = (u cos O + (usin 6 - gt?

[Using v =u + at]

7 'u==\/u2 +gzt2 ~2ugtsin®
If the velocity v makes an angle B with the vertical, then
v _ usin 0——_gt

tan p= -
1cos B

Uy

Velocity of projectile at the end point. At the end
of flight,

or

't = total time of flight = il
' 8
-So the resultant velocity is
N P .
‘v’=Juz.+32.&:e—2ug.2usme.sin6
g

Vi =u

2usin @
: usin@-g.———
Also, tanp= &
ucos 0
L )
ucos 0
or p=-6.

The negative sign shows that the projectile is
moving downwards. Thus in projectile motion, a body
returns to the ground at the same angle and with the same
speed at which it was projected.
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B 2 For Your Knowledge

A\ A body is said to be projectile if it is projected into
space with some initial velocity and then it continues
to move in a vertical plane such that its horizontal
acceleration is zero and vertical downward accele-
ration is equal to g.

In projectile motion, the horizontal motion and the
vertical motion are independent of each other ie.,
neither motion affects the other. :

The horizontal range is maximum for 8 =45° and
R,=1/g.

The horizontal range is same when the angle of
projection is 8 and (90° - 6).

Again, the horizontal range is same for the angles of
projection of (45° + 8) and (45° - 0).

At the highest point of the parabolic path, the velocity and
acceleration of a projectile are perpendicular each other.
The velocity at the end of flight of an oblique
projectile is the same in magnitude as at the beginning
but the angle that it makes with the horizontal is
negative of the angle of projection. '

In projectile motion, the kinetic energy is maximum at

the point of projection or point of reaching the

ground and is minimum at the highest point.

There are two values of time for which the projectile is
at the same height. The sum of these two times is
" equal to the time of flight. :
The maximum horizontal range is four times the
maximum height attained by the projectile, when fired
at 0=45°, Thus h, =R, /4=u"/4g.
If a body is projected from a place above the surface
of the earth, then for the maximum range the angle of
projection should be slightly less than 45°. For javelin
throw and discus throw, the athlete throws the
projectile at an angle shghﬂy less than 45° to the
horizontal for achieving maximum range.
The trajectory of a projectile is parabolic only when the
acceleration of the projectile is constant and the
direction of acceleration is different from the direction
of projectile’s initial velocity. The acceleration of a
projectile thrown from the earth is equal to accele-
ration due to gravity (g) which remains constant if
(i) the projectile does not go to a very large height.
(i) the range of the projectile is not very large.
(fif) the initial velocity of the projectile is not large.
Thus the trajectory of a bullet fired from a gun will be
parabolic, but not so the trajectory of a missile.
The shape of the trajectory of the motion of an object
is not determined by position alone but also depends
on its initial position and initial velocity. Under the
same acceleration due to gravity, the trajectory of an
object can.be a straight line or a parabola depending
on the initial conditions.

Examples based on
Projectile Fired at an Angle
with the Horizontal
FormuLag Usep

1. For a projectile fired with velocity u at an angle 6
with the horizontal : u =ucos®, u = usin 6,
a, =0, Ai==g
2. Position after hme £ ¢
x =(ucos G)t y=(usin 8)t -5 gtz
3. Equation of trajectory :

=x tan 0 - X
Y 2?«:@5‘0

W sin” 0

4, Maximum height : H =

2usin 0

5. Time of flight, T' =

-

i sin 20

&
7.. Maximum horizontal range is attained at 0 = 45°

6. Horizontal range, R =

and its value is R ' "’
3

8. Velocity after time £, v, —ucose,u _usmﬂ gtl

D= \/—;and tan f= —

1

Units Usep

Distances x, y, Rand R, arein metres, velocities
Wy, and o are inms ™', accelerations a,, a, and
g are in ms~

2 and times f and T in second.

Exastere =2, A cricket ball is thrown at a speed of 28 ms™— !
in a direction 30° above the horizontal. Calculate (a) the
maximum height; (b) the time taken by the ball to return to
the same level, and (c) the horizontal distance from the
thrower to the point where the ball returns to the same level.
[NCERT ; Central Schools 08, 12]

Solution. Here u=28 ms~ ', 0 =30°

(a) Maximum height,

u* sin® 0 _ 28 sin® 30°
28 2x98

() The time taken by the ball to return to the same level,

,I.__:Zusmﬂ =2 % 28 x sin 30 ~29s.
4 9.8

H-= =10.0 m.

(¢) The distance from the thrower to the point

where the ball returns to the same level,
2 - & o
R= u 51n26=28x28x sm60. — 693 m.
g 9.8
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ExampLE 73. A body is projected with a velocity of 30 ms™
" at an angle of 30° with the vertical. Find the maximum
height, time of flight and the horizontal range.

Solution. Here u =30 ms™ !,
Angle of projection, B=90°-30°=60°
Maximum height,

u® sin* @ 307 sin260°

H=— g 2x98 Mddm o 476
73
Time of flight, pg X En20_ o
T=2usm9___2x30958m60 —53s ’ 8
g C in 90°
o e ey
Horizontal range, ' 9.8
R = u® sin 20 302 sin 120° or u=[784x9.8 =19:6v2 =27.72 ms™".
8 . 9% Exampre 76. Find the angle of projection for which the
. 302 sin 60° TS5 horizontal nmqe and the maximum height are equal.
9.8 ’ Solution. Given
Exampre 74. A projectile has a range of 50 mand reaches a horizontal range = maximum height
maximum hexght of 10 m Calculate the angle at which the P sin20  wsin®@
projectile is fired. or e
Solution. Here R=50m, H=10m, 0=? é J
- . sin” 0
Horizontal range, or 2 sin O cos B =
v IR 2 . ;
" sin20 2u” sin Bcos O
R= = «(1) or Sn9_4 or tan0=4
8 g cos 0
Maximum height, 6 = 75°58'.
N u? sin® § Exampre 77. Prove that the maximum horizontal range is
- 2g ) four times the maximum height attained by the projectile,
ol v , _ when fired at an inclination so as to have maximum
Dividing (2) by (1), we get horizontal range. [Chandigarh 08]
H_w'sin®@ 8 i T Solution. For ©=45°, the horizontal range is
R 2¢  2u'sinBcos® 4 maximum and is given by
2
4H 4x10 u-
or tanf=—= =08 ==
| s o Raw =7
or 0 = tan ' (0.8) = 38.66". Maximum height attained,
" Examrrr 75. A boy stands at 39.2'm from a building and uwsin45° 2 R
throws a ball which just passes through a window 19.6 mabove . Hyax = B B Tl =
f , . ) g g 4
the ground. Caleulate the velocity of projection of the ball.
Solution. Here H=19.6m val Rmax E 4_Hmat
R=392+392 =784 m Exanmprr 78. A ball is kicked at an angle of 30° with the
: vertical. If the horizontal component of its velocity is
: le,
As vaede tl;e ik o : 19.6ms™ ', find the maximum hexght and horizontal range.
-2 tan 0 Solution. Here 8 =90° -30° =
_ 4H 4x196 Horizontal velocity = u cos 60° =19.6 ms ™'
or tanf=—=—=1
: R 784 ' ‘ 196 196

P =196 395
0 = 45° N os60° 05 s
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. Maximum height, As maximum height,
2 =2 o 2 2 5.2
b = 1 sin’ 60 _(39.2° £)=5&3m g Wsin 0
2¢  2x98 | 2 28
Horizontal range, _ s (39.2)* sin” 0 "
R_uzsinZB_(39.2)2xsinIZO° R ~ 2x98
g 9.8

For the second ball : Angle of g jection =90° -

_(39.2° 2) J_ <TAEE ' velocity of projection, u=39.2 ms™ ", maximum he:ght
0.8 2 .y reached =(H + 50) m
(39.2)" sin® (90° - 0)
EXAMPLE 79. Show that a given gun will shoot three times & H+50= 3 %95
as high when elevated at an angle of 60° as when fired at \
angle of 30° but will carry the same distance on a horizontal (39.2) cos® 0
Erdle, _ or « H+»50=——0——— <(2)
p 2x98
L g.S\?el:t;;n The vertical height attained by a pm]echle Adding (1) and (2), we get
py o sin® 0 21+ 5022 (2 04 cos? )
23 x 9.8
(39.2)°
=60° =- =784
When 6=60°, 2% OB
2 - 2, ma 2 4
H === %0 T (?} =?;l or 2H'=784-50=284 or H=142m
& 8 3_ . Height of first ball = H =14.2 m
When 6=30°, o Height of second ball
H_uzsin230°_ﬁ(lJz__uj = H+50=142 + 50 =64.2 m.
: 28 22\2) 8 Exampre 81. If R is the horizontal range for 0 inclination
32 8y . and h is the maximum height reached by 11:!1:: projectile, show
H,: H, =§g"‘u_z:3‘1 that the maximum range is given by :—h +2h.
Thus the gun will shoot three times as high when ele- . . u* sin 20
vated at an angle of 60° as when fired at an angle of 30°. Solution. Horizonta) sange; R= 2
Horizontal range of a projectile, o ’ 2 ain?a
2 sin 20 Maximum height, h=—
R WD 28
g . R? eapt *(sin20)* - 2g 2u? sin® 0
u? sin120° V3 o T T "glsnte 2
When 8=60° R, = = 8 8
8 28 W2 sinGr:osB)I_F u* sin” 0
R £ - 1 _utsin60° V3P ] 4 g sin® 0 8
. ig= g 2g _112 c0529+ u* sin” 9
Thus R, = R,, ie. the horizontal' distance covered g8 8
will be same in both cases. Wt
_ = — (cos 0 + sin® 0) =
Examrii 80. A ball is thrown at an angle 8 and another g g
ball is thrown at an angle (90° - 8) with the horizontal + R2
direction from the same point with velocity39.2ms™ ' The °T g7 Zh= Rppay-
second ball reaches 50 mhigher than the first ball. Find their _ o
individual heights. Take g =9.8 ms2. Exampr 82, Show that there are two angles of projection

. L for which the horizontal range is the same, Also show that
Solution. For the first ball : Angle of projection =8, "y, <y of the maximum heights for these two angles is
Velocity of projection, 1 =39.2ms™ ! independent of the angle of projection.
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Solution. When a projectile is fired with velocity u
at an angle 6 with the horizontal, its horizontal range is

u” sin 20
g
Replacing 8 by (90° - 8), we get
u® sin 2 (90° - 0) _ u® sin (180°-20) _ 1 5in 20
8 g 8

R =

R =

ie, R ='R
Hence there are two angles of projection 8 and
(90°- @) for which the horizontal range R is same.

2. .2
Now H=X ;‘; 9 (1)
and . u? sin” (90°-0) _u® cos’ @ @
2g 2g .

Adding equations (1) and (2), we get
rd
H+ H' = —(sin" 0 + cos” )
28
2
or H+ H =2
. 2g
Clearly, the sum of the heights for the two angles of
projection is independent of the angle of projection.

which a projectile is at the same height. Also show that the
sum of these two times is equal to the time of flight.

Solution. For vertically upward motion of a projectile,
y=usin 0.t -1 g
or 1gt* ~usin.t+y=0

This is a quadratic equation in {. Its roots are

usinB—\[u2 sinZO—Zgy
&

b= .
(Lower value)

usin9+vru25in29—2gy

and ty=

8 (Higher value)

These are the two values of time for which the

vertical height y is same, first while going up and
second while going down.

usine—\/uzsinze—z,gy

Now & + £ =
1772 g
+usin9+ 425in20-2gy
g
or L +t2=2“ Sme:T, the time of flight.

g

ExampLe B4. Two projectiles are thrown with different
velocities and at different angles so as to cover the same
maximum height. Show that the sum of the times taken by
each to reach the highest point is equal to the total time taken

by either of the projectiles.

Solution. If the two projectiles are thrown with
velocities u; and u, at angle 8, and 6, with horizontal,
then their maximum heights will be

2 s 2 2 5.2
Hl=u151n 0, i Hz=uzsm 6,
2g - 28
But H1 = Hz
u? sin? 0, 1 sin® 6,
2g 2g
or u, sin 8, =, sin 0, (1)

Times of flight for the two projectiles are
T, 2ulsm('é1 and T, = 2u, sin 6,
& 8
Making use of equation (1), we get
2u, sinB; 2u, sin 6,
g - 8
Times taken to reach the highest point in the two

T1=T2=

ExampLE 83. Show that there are two values of time for cases will be

[1 = ﬂel and l “2 sin 9
g 8
- 2=u1 sin 6, L i, sin 6,

g &

_2sin®, 2usin 0,
8 g

. [using (1)]
or t, + 1, = Time of flight of either projectile.

Exampre 85. A hunter aims his gun and fires a bullet
directly at-a monkey on a tree. At the instant the bullet leaves
the barrel of the gun, the monkey drops. Will the builet hit
the monkey ? Substantiate your answer with proper
reasoning.

Solution. As shown in Fig. 4.77, the gun at O is
directed towards the monkey at position M. Suppose
the bullet leaves the barrel of the gun with velocity u at
an angle 8 with the horizontal. Let the bullet cross the
vertical line MB at A after time . Horizontal distance
travelled,

" OB=x=ucos 0.t
X

ucos @

or =

(1)
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X

Fig. 4.77 .
For motion of the bullet from O to B, the vertical
range is

AB=usin0.t-1gt* =usin@. cme—%gtz
=xtan 8- -21- gt [using (1)]
Also MB=xtan®
MA = MB- AB

=x tan 8 - [xtanB——gtz] gt2

Thus in a time f the bullet passes through A a '

vertical distance 1 gt* below M.
The vertical distance through which the monkey
falls in time ¢
—0+1gi?=dgr?
Thus the bullet and the monkey will always reach

the point A at the same time. Hence the bullet will always
hit the monkey whatever be the velocity of the bullet.

ExAmpLE 86. A machine gun is mounted on the top of a
tower 100 m h:gh At what angle should the gun be inclined
to cover a maximum range of firing on lhe ground below ?
The muzzle speed of the bullet is150 ms™ ', take g =10 ms™

Solution. Let u be the muzzle speed of the bullet
fired from the gun (on the top of the tower) at an angle
0 with the horizontal, as shown in Fig. 4.78.

Clearly, the total range of firing on the ground is

2 .
_usin20 .00 coto .
g
2
dx ¥ *x2c0820 . 100 (—cosec? 6)
0 -
_QL(I 2 sin 100
g sin” 0
100
sin? 0

——— _
2 32 Ground
[ u sin O/g 100 cot 6
x {

Fig. 4.78
For x to be maximum,
dx _
d0
or 4500 —9000 sin® 103 =
sin” 0
or  90sin*0-45sin’0+1=0
h 2 452 (-45) ~4x90x1
a 2 %90
_ 45+ 40.80
180
Taking only positive sign,
sin’ 0 = 0.4767
or sin 6 = 0.6904
or 0 =43.7°

ExAmpLE 87. At what angle should a body be projected
with a velocity 24 ms™" just to pass over the obstacle 16 m
high at a horizontal distance of 32 m ? Take g =10 ms™

Solution. As shown in Fig,. 4.79, if point of projection
is taken as the origin of the coordinate system, the
projected body must pass through a point having
coordinates (32 m, 16 m). If 1 be the initial velocity of
the projectile and 6 the angle of projection, then

Horizontal component of initial velocity, u = 1cos 6

Vertical component of initial velocity, — u, = usin 6
=Y S P(32m, 16 m)
g
=
> » X
| ucos B |
* 32m "1

Fig. 4.79
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If the body passes through point P after time f, then

horizontal distance covered,
‘x=(ucos )t

The horizontal distance covered in time t is giveri by
x=(ucos )t

or 50 = (10 ,/g) (cos 0) t
or 32 =24 cos )t (1) or fe 50
Similarly, vertical distance covered, 10 /g cos 6
y=(usin0)¢ _%gtz For t to be minimum, cos 6 should be maximum;
. 5 ' cos 0 is greatest if tan 0 is least, i.c.
or 16=(24sin 0) f -3 x 10x ¢ w(2) 3 _1(3
tanB=— or O=tan (—J =30°58'.
: 32 5 5
« From equation (1), = ‘
24 cos O Examrre 89. A particle is projected over a triangle from
Putting this value of f in equation (2), we get one end of a horizontal base and grazing the vertex falls on
' the other end of the base. If o and B be the base angles and 0
16 = (24 sin 6) 32 1 e 32 the angle ?fpfﬂ]ﬂde!. pn.)ve t‘hat tan 6.= mf' o + tan .
24cos B 2 24 cos 0 Solution. The situation is shown in Fig. 4.80.
or  16=32tanB-5x — "
9 cos” 0
or l=2tan0—§sec26
or 9=18tan 8- 5(1 + tan® 0)
or 5tan® 0 -18 tan 0 + 14 =0
» X
18 + (18)* - 1
e V(18) —4x 5% 14
s Fig. 4.80
=2.462 or 1.137 S
Hence  ©=67°54' or 48°40'. If R is the range of the particle, then from the figure
7 ~ we have
l;':\,.l MrLE 88. A target is fixed on the top of a pole 13 metre_ y y V(R -x)+xy
high. A person standing at a distance of 50 metre from the tana +tanf = T Rer- x (R-1)
pnle\/_is ca;:ab!e of prajecting a stone with a velocity -
10 /g ms™ . If he wants to strike the target in shortest na R
possible time, at what angle should he project the stone ?- il et <) X (R -x) (1)
Solution. The trajectory of a projectile is given by Also, the trajectory of the particle is
2
&X 1 2
y-=xtan9—_—-———2—- { =xtan @ —— X
21‘2C059 y Zguzcoszﬂ
As the target lies on the path of projectile, so i o
13=50tan6—Lzsec28 | 2u“cos*Otan®
2(10 Jg)* - - -
e u=10 Jz ms=] =xtan@|1-— & x
[ u=10 /g ms ] ‘ — 2 <in2 6 ]
or 13 = 50 tan 8- 2 séc? @ _ -y
2 _ =xtan 8|1~ E]
=50 tan - = (1 + tan? 0) -
? or tan 0= — x (2)
25 tan® 6 100 tan 6 + 51 =0 x (R-x)

or
' From equations (1) and (2), we get

_100+4900 17 3
N =5 o tan 6 = tan a + tan .

tan 0 or
50 5 5
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EXAMPLE 90. A shell is fired from a gun from the bottom of
a hill along its slope. The slope of the hill is a. =30°,and the

angle of the barrel to the horizontal p=60°. The initial
velocity u of the shell is 21 ms™ !, Find the distance from the
gun to the point at which the shell falls.

Solution. The situation is shown in Fig. 4.81. The
horizontal and vertical distances covered by the shell
in time f are given by

‘x=ucosf.t (1)

and y=usinp.f- % gt w(2)

YA

X

Fig. 4.81

If the shell falls on the inclined plane at distance
OP =5, then

xX=scosa (3)
y=ssina «(4)
From (1) and (3),
5 COS O
scosa=ucospP.t or t=
ucosf
From (2) and (4),
ssinm=:.|siix'z£3.1‘-%g,rt2
scoso - 1 s*cos®a

e ucosﬂ._fg' u* cos” B

2u° [s;,n[h:osot-zt:oasﬂainuj|ms'i
g cos” o
=Zlclsin(li--qu)coslfq
gcos”
2 x (21) sin (60° —30°) cos 60° _
. 9.8x cos® 30° -

s=

30 m.

“ PROBLEMS FOR PRACTICE

1. A football player kicks a ball at an angle of 37°to the
horizontal with an initial speed of 15ms '
Assuming that the ball travels in a vertical plane,
calculate (/) the time at which the ball reaches the
' highest point (if) the maximum height reached
(iif) the horizontal range of the projectile and (iv)

the time for which the ball is in air. '

[Ans. (i) 0.92 s (if) 4.16 m (iii) 21.2 m (iv) 1.84 5]

Z

8.

10.

11.

13.

A body is projected with a velocity of 20 ms™ ¥ ina
direction making an angle of 60° with the horizontal.
Calculate its (1) position after 0.5 s and (ii) velocity
after 0.5 s. [Ans. () x=5m,y=743m

(if) 1595 ms™ ', B = 51.16°)
The maximum vertical height of a projectile is 10 m.
If the magnitude of the initial velocity is 28 ms™ ",
what is the direction of the initial velocity ? Take
g=98ms % (Ans. 30°)
A bullet fired from a gun with a velocity of
140 ms ™! strikes the ground at the same level as the
gun at a distance of 1 km. Find the angle of
inclination with the horizontal at which the bullet is
fired. Take g =9.8 ms ™2, (Ans, 15°)

A bullet is fired at an angle of 15° with the
horizontal and hits the ground 6 km away. Is it
possible to hit a target 10 km away by adjusting the
angle of projection assuming the initial speed to be
the same ? (Ans. Yes)
A cricketer can throw a ball to maximum horizontal
distance of 160 m. Calculate the maximum vertical
height to which he can throw the ball. Given
2=10ms" ! (Ans. 80 m)
A football is kicked 20 ms ™' at a projection angle of
45°, A receiver on the goal line 25 metres away in
the direction of the Kick runs the same instant to
meet the ball. What must be his speed, if he is to
catch the ball before it hits the ground ?

(Ans, 5483 ms ™)
A bullet fired at an angle of 60° with the vertical hits
the ground at a distance of 2 km. Calculate the
distance at which the bullet will hit the ground
when fired at an angle of 45°, assuming the speed to
be the same. (Ans. 2.31 km)
A person observes a bird on a tree 39.6 m high and
at a distance of 59.2 m. With what velocity the
person should throw an arrow at an angle of 45° so
that it may hit the bird ? (Ans. 41.86 ms™')
A ball is thrown from the top of a tower with an
initial velocity.of 10 ms™ ! at an angle of 30° with the
horizontal. If it hits the ground at a distance of

17.3 m from thé base of the tower, calculate the

height of the tower. Given ¢ =10 ms" %.(Ans. 10 m)

Prove that the time of flight T and the horizontal

range R of a projectile are connected by the equation :
gT? = 2R tan 8, where 8 is the angle of projection.

Show that the range of a projectile for two angles of

projection a and P is same, where a + [} = 90°,

A body is projected with velocity of 40 ms™ ', After
25 it crosses a vertical pole of height 204 m.
Calculate the angle of projection and horizontal
range. (Ans. 30°, 141.39m)
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14. From the top of a tower 156.8 m high, a projectile is
thrown up with velocity of 39.2 ms ™! making an
angle of 30° with the horizontal direction. Find the
distance from the foot of the tower where it strikés
the ground and the time taken by it to do so.

(Ans. 271.6 m, 8 5)

15. As shown in Fig. 4.82, a body is projected with
velocity 1 from the point A. At the same time

Y&

> X

Fig. 4.82

another body is projected vertically upwards with
the velocity u, from the point B. What should be the
value of  / u, for both the bodies to collide ?

(Ans. 2/ y3)

16." A body is projected such that its kinetic energy at
the top is 3/4th of its initial kinetic energy. What is
the initial angle of projection of the projectile with
the horizontal ? (Ans. 30%)

17. A projectile is projected in the upward direction
making an angle of 60° with the horizontal direction
with a velocity of 147 ms™ |. After what time will its
inclination with the horizontal be 45°?

(Ans. 5.49 s)

*x HINTS

usin @ 15 xsin 37°

1. (i) Time of ascent = — =092s
L4 9.8
s 2 2 3. 2
i H=u2.sm 0 _(157sin?372 o
2g 9.8 '
s 2 o
(ﬁi)n="z-s‘"29=“5) SN 78 212.m
g 9.8
,.(m) T=2usm9=2x155m37 —184s
: : 9.8
2. Here u=20ms™ ', 8=60°, t =05s

(i) x = (ucos 0)t =(20cos 60°) x0.5=5m
y = (usin 0) ¢ —%gtz‘

= (20 xsin 60°) x 0.5 1 x 9.8 x(0.5)°

=743 m
(i) v, =wucos@=20cos 60°=10ms™"
v, = usin 8- gt = 20sin 60° - 9.8 x 0.5

4 1
=1242 ms~

v= Juf + 0} = (10 + (1242 =15.95 ms .

(2]
¥ 1292 o
(5 10

x
B=tan"' 1.242=5116°,

R i sin 20 6=uzsnn30
8 8
ﬁ: 6 =12
g 30°

tan p =

5. As

sin
s
g .
As R . >10km, the bullet can hit the target at a
distance of 10 km by adjusting the angle of projection.
7. Horizontal range,

* sin 20 (20)* x sin 90°
g 98
Distance required to be covered by the receiver to
meet the football =40.82~25=1582m. This

distance must be covered during the time of flight
of the ball (2.886 s). "

- Velocity with which player should run to catch
the ball

Also R, = =12km

R

=40.82 m

= -;Eﬁ =5483 ms .
8. In the first case : 8=90° — 60° = 30°, R=2km
o2 st z &

As = R=CSN28 . o sin60° 1)
| g , g

An the second case ! 0 = 45°

R': M _'_(2)
8

From (1) and (2),
R sin90° 2 243
2 sin60° Y3 3
_4x1732

R' =231 km.

9, For horizontal motion of the arrow :

ucos 45° . =59.2 or u= 592&

For vertical motion of the arrow -

39.6 = usif 45° . ¢ -% «9.8xt2

59242 1, 1 2
39.6 = vt —— x9.8¢
2 2
or r2=59“2-39'6=19'6=4 or t=2s
49 49
iyl o 2 =29.6/2 =41.86 ms'.
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10. Here =30°, u=10ms™ ', R=173m, g =10 ms™ 2

11.

13.

14.

16.

For horizontal motion,

R=ucos 0.
R 17.3 17.3x2
or t= = =
ucos 8 10cos 30° 10 x+/3
_ 17.3x2 =2k
10 x1.73

"For vertical motion,

Y = usin B.t-%gtz
=]05in30°x2—-% x 10 x 22

=10-20=-10m
Height of tower =10 m.
As R=uzsm20 and T=2usm9
8 g
2 gx4u25in29
gT =_8.E_
_ 2 x2sin @cos @ sin @
8 cos 6
_ 2 sin 26

xtan @=2 Rtan 6.
g

Here u=40ms ', t=2s, y=204m
: 2
As y--usmﬂxt—%g!
204 =40 xsin 6x2 -1 98 x2*
or 204+ 19.6=80sin 0

sinB:% and 0=30%

_ usin 20 (40)° sin 60°

R =141.39 m.
g 98
As y=usin @x¢ —«%gfz
. —156.8= 39.2x% xf —4.9¢*
or t2 -4 -32=0 ‘
; f=8-4
But t = -4 is meaningless, sot =8s

Hence R = ucos 8'xt =39.2cos 30° x 8
= 271.6 m.
For two bodies to collide in air, ¥, = ¥,
1 sin 60° x t ——%gt2=uzf —%gtz
w sin 60° xt = w,

o 1 ___2
o u,  sin 60° 7;

Initial K.E. = % i

K.E. at the top =% mif® cos” @

or 40=80sin 6.

‘%—=§ or C().‘.'v29=g
5 mi 4 4
or c059=% or 6=30°

17, Suppose the body is projected with velocity u at an
angle of 60° with the horizontal and after time ¢, its
velocity becomes v making an angle of 45° with the
horizontal. Equating the horizontal and vertical
components of ¥ and v,

o
ucos 60° = vcos 45° or v=u_'coﬁ
cos 45°
Also, vsin 45° = usin 60° — gf
or »puiti xsin 45% = usin 60° - gt
cos 45°
or r=£[=i.i1:16-0"‘-&‘0236'0"]:E ﬁ-—l
g 98| 2 2
=5.49s,

4.25 = UNIFORM CIRCULAR MOTICN

§5. Define uniform circular motion. Give some
examples.

Uniform circular motion. If a particle moves along a
circular path with a constant speed (i.e., it covers equal
distances along the circumference of the circle in equal
intervals of time), then its motion is said to be a uniform
circular motion.

Examples :
(i) Motion of the tip of the second hand of a clock.

(i) Motion of a point on the rim of a wheel rotating
uniformly.

56. Justify that a uniform circular motion is an
accelerated motion.

Uniform circular motion is an accelerated motion.
In uniform circular motion, the speed of the body
remains the same but the direction of motion changes
at every point. Fig. 4.83 shows the different velocity
vectors at different positions of the particle. At each
position, the velocity vector v is perpendicular to the

-

radius vector 7. Thus the v
the body. As the rate of
change of wvelocity is

velocity of the body
acceleration, so a uniform

changes continuously due
circular motion is an Fig. 4.83 Direction of

to the continuous change in
the direction of motion of

accelerated motion. velocity changes at
every point.
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57. Define the terms : (i) angular displacement
(1) angular velocity (iii) time period and (iv) frequency,
in connection with a circular motion.

(1) Angular displacement. The angular displacement
of a particle moving along a circular path is defined as the
angle swept out by its radius vector in the given time
interval. '

As shown in Fig. 4.84, suppose a particles starts
from the position F,. Its angular position is 8, at time ¢,
and 6, at time ¢, . Let the Bl

particle cover a distance As in %
the time interval t, — ¢, (= At). @

Aﬁ\'
A
It revolves through angle ‘,“ p
0, — 8, (=40) in this interval. g
The angle of revolution A8 is
the angular displacement of
the particle. If ris the radius of
the circle, then

Fig. 4.84 Angular
~displacement.
Arc ]

AB =
Radius

% [+ Ange-
r

The unit of angular displacement is radian. It is a
dimensionless quantity.

(i) Angular velocity. The time rate of change of angular
displacement of a particle is called its angular velocity. It
is denoted by m It is measured in radian per second
(rad 5™ ') and its dimensional formula is M°LeT']

As shown in Fig. 4.84, if A0 is the angular
displacement of a particle is time Af, then its average
angular velocity is

B==
At

When the time interval At — 0, the limiting value of

the average velocity is called the instantaneous

angular velocity, which is giveri by
A0 de

T At—0 At df

(itiy Time period. The time taken by a particle to
complete one revolution along its circular path-is called its
period of revolution. It is denoted by T and is measured
in second.

(iv) Frequency. The frequency of an’ object in circular

motion is defined as the number of revolutions completed per-

unit time. It is denoted by v (nu).

If vis the frequency of revolution of a particle, then
time taken to complete v revolutions =1 second, time

taken to complete 1 revolution = L second
v

But time taken to complete 1 revolution is the time
period T, so

g

o . Vet
v T

58. Deduce relations between angular velocity,
frequency and time period.
Relations between « v and T. By definition of time

period, a particle completes one revolution in time T
i.e., it traverses an angle of 2« radian in time T.

7. When time t=T
angular displacement 8 =2z radian
. Angelar ve ey imgul_ar displacement
: Time
or Qé%i%ﬁbw [ % =v]

59. Derive the relation between linear velocity and

_angular velocity.

Relation between linear
velocity and angular velocity. B’\
Consider a particle moving s
along a cireular path of radius ‘A l_
r. As shown in-Fig. 4.85, A
suppose the particle moves
from A-to B in time' At
covering distance As along

the arc AB Hence the angular  Fig. 4.85 Velocity
displacement of the particleis  in uniform circular
As  motion
JAB=— '

T .
Dividing both sides by At, we get

86 _18s
At r At
. Taking the limit At — 0 on both sides,
A1 A
a0 At rat—0At
But lim B
At 0 AL dt
is the instantaneous angular velocity
and T S
At—0 At dt

L

or v=r
Linear velocity = Angular velocity x radius

a
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In vector notation, we have the relation

-+ 2 =
v =wxr
For a given angular velocity (w), the linear velocity v of
a particle is directly proportional to its distance from the
centre.

60. Define angular acceleration. Deduce its relation
with linear acceleration.

Angular acceleration. The time rate of change of
angular velocity of a particle is called its angular
acceleration. If Aw is the change in angular velocity in
time Af, then the average angular acceleration is

' __Ae
a=—
At

The instantaneous acceleration is equal to the limiting
value of the average acceleration Aw/At when Af
approaches zero. It is given by

. Ao do
a= lim —=—
At—>0 At dt
The angular acceleration is measured in

radian per second? (rad s"%) and has the dimensions
[MoLoT—Zl

The relation between linear velocity v and angular
velocity is v =reo

Differentiating both sides w.r.t. time ¢, we get

dv d

E = "?f* (r(o)

dv do :
or S r(;) [': ris constant)
or a=ar

' Linear acceleration = Angular acceleration x radius
In vector rotation, we have the relation

-5 -+ =
a=axr !

61. Define centripetal acceleration. Derive an
expression for the centripetal acceleration of a particle
moving with uniform speed v along a circular path of
radius 1. Discuss the direction of this acceleration.

Centripetal acceleration. When a body is in
uniform circular motion, its speed remains constant
but its velocity changes continuously due to the change
in its direction. Hence the motion is accelerated. A body
undergoing uniform circular motion is acted upon by an
acceleration which is directed along the radius towards the
centre of the circular path. This acceleration is called
centripetal (centre seeking) acceleration.

Expression for centripetal acceleration. Consider a
particle moving on a circular path of radius r and

centre O, with a uniform speed v. As shown in
Fig. 4.86(a), suppose at time { the particle is at P and at

time t + At, the particle is at Q. Let 5; and 5; be the

velocity vectors at Pand Q, directed-along the tangents
at P and Q respectively.

e T SR i
Fig. 4.86 Determination of centripetal acceleration.

To determine the change in velocity, take an
external point A. Draw .Ziiequal to and parallel to z_::

and AC equal to and parallel to u_v;. Draw the vector BC
to close the triangle, as shown in Fig. 4.86(b).
Applying triangle law of vector addition in A BAC,

AB+ BC = AC
BC = AC- AB=1,-7,
Thus the change in velocity in time At is given by
BC=Av

If At is small, the chord PQ becomes equal to arc
PQ. Then OPQ, can be considered as a triangle.
£ POQ=4£ BAC=A8. This is because the angle
between the radii PO and QO is same as the angle
between the tangents at P and Q.

Also OP = OQ =7, radius of the circle.
|y =|tyl=v ie, AB=AC=v

And £ POQ=A0, £ BAC = A6

Thus the two triangles POQ and BAC are similar.
Hence

PQ _ BC

OP AB

‘ As  Av
or —_— =
r v

or Av=2As
r

Dividing both sides by At, we get
& _ohs
At r At
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Taking the limit At— 0 on both sides, we get
Av _v T As

At =0 At rM—,OAI
Av _ do
But ¢ —
Afa(l Af dt

is the instantaneous acceleration

. As ds
and lim —=—=v,
at—0 At dt
is the instantaneous velocity
a=Z.0
r

1.’12

or a=-—=uw'r [ v=wr]
r
This gives the magnitude of the acceleration of a
particle in uniform circular motion.

Direction of acceleration. As At tends to zero, the
angle A® also approaches zero. In this limit, as
AB= AC, so £ ABC = £ ACB=90°. Thus thechangem

velocity A v ’ and hence the acceleration a is perpen-
dicular to the velocity vector t-;; But z_:’l is directed along

' -
tarigent at point P, so acceleration 4 acts along the

radius towards the centre
of the circle. Such an
acceleration is called centri-
petal acceleration. Its magni-
tude remains constant
(=v?/7) but its direction
continuously changes and
remains perpendicular to
the velocity vector at all
positions.

Fig. 4.87 Centripetal
acceleration.

61. Write an expression for the resultant
acceleration of a particle having non-uniform circular
mo?'an.

Circular motion with variable speed. Consider a
particle moving along a circular path of radius r with a
variable speed v. i

As the speed of the
particle changes, so acce-
leration has a tangential

component,

dv
ﬂ.r ———Hm

Fig. 4.88 Resultant
acceleration in circular
motion.

As the direction of motion changes continuously,
so the acceleration has a radial component,
2
_v
4 or 4=

The resultant acceleration of the particle will be -

=t +a?.
For Your Knowledge

A It was the Dutch scientist Christinan Huygens who
first gave a thorough analysk of centripetal
acceleration in 1673.

A In uniform circular motion, the direetmn of velocity
vector which acts along the tangent to the path,
changes continuously but its magnitude always
remains constant (z=pw). So circular motion is an
accelerated motion.

& As v and r are constant, sothcmgmtudeofthe
centripetal acceleration is a constant (= 2° /r). But the
direction of a, changes continuously, pointing always
towards the centre So centripetal acceleration is not
a constant vector.

A“Ehc resultant acceleration of an object in circular-
motion is towards the centre only if the speed is
constant,

& For a body moving with a constant angular velocity,
the angular acceleration is zero.

4\ In projectile motion, both the magnitude and
direction of acceleration (g) remain constant, while in
uniform circular motion the magnitude remains
constant but the direction continuously changes.
Hence the equations of motion v = u + at, etc., are not
applicable to circular motion. These equations hold
only when both the magnitude and direction of
acceleration are constant,

Uniform Circular Motion

1. Angular displacement, 0 = £
2

2. Angular velocity, @ = ?

H Also,m=2—_;_[-=2:w

4. Linear velocity, v=r o

-v—z-=f032

5. Centripetal acceleration, a =
1 r

6. Linear acceleration, a=ra

Unirs Usen

Here 6 is in radian, @ in rads™ %, v in ms ™}, a'in
ms™ ? and angular accéleration « in rad 52




MOTION IN A PLANE 4.5%

ExamrrLEe 1. Which is greater : the angular velocity of hour
hand of a watch or angular velocity of earth around its own
axis 7 Give their ratio. [Delhi 12]

Solution. The hour hand completes one rotation in
12 hours. Its angular speed is
0 2nrad  2nrad &
"t 12h  12x60x60s 21600
The earth completes one rotation about its axis in 24

hours. Its angular speed is
m’=9=2m‘ad= 2nrad = ® ads
=t 24h 24x60x60 43200
Clearly, ©,>®, and w;:m,=2:1
ExamrLe 92. Calculate the angular speed of flywheel
making 420 revolutions per minute.

Solution. Here v = 420 revolutions/min

rad s,

420
=— luti
o revolutions/s

w=2m=2x£x£9=44rads‘l.
7 60

ExampLi 93. A body of mass 10 k:g revolves in a circle of
diameter 0.40m making 1000 revolutions per minute.
Calculate its linear velocify and centripetal acceleration.

Solution. Here m=10kg, r=0.20 myd= % g

Angular speed,

w=2nv=2nx 1059 =E.!r

d—l
B raa s

Linear velocity,
100w 20m 4
ms

3

v=ro=0.20x

Centripetal acceleration,
100 n]z 20007
= ms ™.
3 9

Example 9g. Find the magnitude of the centripetal
acceleration of a particle on the tip of a fan blade, 0.30 metre

in diameter, rotating at 1200 rev/minute.  [BIT Ranchi 97]
Solution. Here v =_1§go =20 rps

a=ro =0.20x(

w=2nv=2nx20=40nrad s~
a = ra’ =0.15 x (407)* = 2368.8 ms ™2,

ExAMPLE 95. An insect trapped in a circular groove of
radius 12 cm nioves along the groove steadily and completes
7 revolutions in 100 s. (i) What is the angular speed and the
linear speed of the motion ? (ii) Is the acceleration vector a
constant vector 7 What is the magnitude ? (iii) What is its
linear displacement ? [NCERT, Central Schools 03]

_ . 7 _1
Solution. Here r =12 v=—o§
o 100

(1) Angular speed,
w=2nv=2x = 0.44 rads™ .
7 100
Linear speed,

v=ro=12 x 0.44 =5.28 cms .

(i) Acceleration is always directed towards the
centre of the circular groove. As the insect moves, the
direction of the acceleration vector changes. So
acceleration vector is not a constant vector.

Magnitude of acceleration,
a=rot =12 % (0.44)* = 232 cms ™2,

(iif) After completing 7 revolutions, the insect
comes back to its initial position. So its linear displace-
ment is zero.

ExampLe 96. The radius of the earth’s orbit around the sun
is15x 10" m Calculate the angular and linear velocity of
the earth. Through how much angle does the earth revolve in

2 days ?

Solution. Here r = 1.5 % 10" m,

Period of revolution of the earth,

T =365 days =365 x 24 x 60 x 60 s

.. Angular velocity, '

a 2_1!: B 2x3.14
T 365x24x60x60

=1.99x10rad s!

Linear velocity,

v=ro=15x10"x1.99x 107" =2.99x 10* ms™*

In 365 days, the earth revolves through an angle of
2 n radians.

.. Angle through which the earth revolves in 2 days
2x314x2 0.0344 rad.

o

=—x2=
365
EXAMPLE 97. A particle moves in a circle of radius 4.0 cm
clockwise at constant speed of 2 cms™ . If & and § are unit
acceleration vectors along X-axis and Y-axis respectively
(in ems™2), find the acceleration of the particle at the instant
half way between P and Q. Refer to Fig. 4.89(a).

(b)

Fig. 4.89
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Solution. As shown in Fig. 4.89(b), let R be the
midpoint of arc PQ. Then £ POR =45°.
Magnitude of acceleration at R,

d=—==—_=1cms
¥ 4

-2

The acceleration a acts along RO.
Magnitude of component of 4 along X-axis,

1 1 )
a4, =acos45°=1x — cms <.
N
A - 1 N
.“1—.ﬁx

Magnitude of component of a along Y-axis
a, =1x sin 45°=l,_ cms ™,
] v2

A
a

= y

’ 'ml*“

+
o

Hence ;I=X Uz—%(?ow_l})._

¥ PROBLEMS FOR PRACTICE

1. What is the angular velocity of a second hand and
minute hand of a clock ? [Himachal 06C]
(Ans. 0.1047 rad s ™%, 0.0017 rad s ')
2. Abody of mass 0.4 kg is whirled in a horizontal circle
* of radius 2 m with a constant speed of 10 ms™";
Calculate its (7)) angular speed (i) frequency of
revolution (jii) time period and (iv) centripetal
acceleration. [Ans. () 5rads™ (i) 0.8 Hz
(i) 1.25 s (iv) 50 ms~ 4
3. A circular wheel of 0.50 m radius is moving with a

speed of 10 ms ™', Find the angular speed.
(Ans. 20 rads™ ')

4. Assuming that the moon completes one revolution -

in a circular orbit around the earth in 27.3days,
calculate the acceleration of the moon towards
the earth. The radius of the circular orbit can be
taken as 3.85 x10° km.  (Ans. 2.73 x 10" ® ms™2)

5. The angular velocity of a particle moving along a
circle of radius 50 cm is increased in 5 minutes from
100 revolutions per minute to 400 revolutions per
minute. Find (i) angular acceleration and (ii) linear

acceleration. [ Ans. (i) % fads—2 (,‘,‘)%u‘n&;?]

6. Calculate the linear acceleration of a particle moving
in a circle of radius 0.4 m at the instant when its
angular velocity is 2 rad s~ ' and its angular
acceleration is 5rad s~ %

(Ans. 2.6 ms~ %, 38°40" with a,)

7. A threaded rod with 12 turns per cm and diameter
1.18 em is mounted horizontally. A bar with a
threaded hole to match the rod is screwed onto the
rod. The bar spins at the rate of 216 rpm. How long
will it take for the bar to move 1.50 cm along the

. rod ? (Ans. 5 s)

& HINTS

1. The second hand of a clock completes one rotation
in 60s.

t=60s and ©O=2rrad
Hence m=g—:—2—n——2—£‘=0.1047 rad s71.
t 60 60

(if) The minute hand of a clock completes one
rotation in 60 minutes.
t =60min =3600s and 0=2nrad
' 2x3.1
Hence = :—; =2 _2X00% 60017 rad 67

2. Here m=04kg, r=2m, v=10ms""

(1) Angular speed, == n Srads’.
r

(i7) Frequency, v=

(iif) Time period, T =

(iv) Centripetal acceleration,
a=ro’ =2 x(5) =50 ms™2,

3. Here r=050m,v=10ms""
As v=rm
v 10ms”! ' 1
= — =———— = 20.0 rad
r 050m L
2
4, a=rm2=r(3]
T
[ 2x314 P
=385x10% x '
27.3 x 24 x 60 x 60
=273 x107 ms 2
100 400
5. Hewvl=—arm, Vy=—o 0 rps, r=50cm,
f =5min =300s

() Angular acceleration,
_ 0 - 27v, - 21v;

=2n ['vz —V'J
t

t 2
400 - 100 T
=2 —|=— [,
[60:(300} 30rads
(if) Linear acceleration, v

n 5n -2

a=roa=5x—="— ‘
"0 3 ™
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6. Herer=04m, m=2rads", o =5rads2

Tangential acceleration,

ar=ra =04x5=2ms"?
Centrepetal acceleration,

ac = ra’ =04 x(2)* = 1.6ms™?

.. Total linear acceleration,

a= ‘jaj,z. - af. = Jz’ +(1.6)* =2.6 ms 2,

If @* makes angle 8 with a, then

wno=2 .18 o3
“ap 2 .-
0= 38°40'.

7. Pitch of threaded screw = 1—12 cm

Number of rotations required to move a distance
of 1.5-cm,

o Distance _ 1.5 _
Pitch 1/12
0=2mn=2nx18=36nrad -
Angular speed of the bar,

. m=.‘«’.1-w=2n:mzlf’=!7.21'n'.e\cisr'l
3 60

~. Required time,
8 36n
t=—= =5s.
® 72x

Very Short Answer Coceptual Problems

Problem 1. Why cannot be vectors added alge-
braically ?

Solution. Apart from magnitude, the vectors also
have directions, so they cannot be added algebraically.

Problem 2. State the essential condition for the
addition of vectors.

Solution. The essential. condition for the addition of
vectors is that they must represent the physical quantities
of same nature.

Problem 3. Is time a vector quantity ? Give reason.

Solution. No, time flows from past to present and
present to future. Thus the direction of time flow is
unique and does not need to be specified. Hence time is
not a vector, though it has a direction.

Problem 4. Is pressure a vector ? Give reason.

Solution. No. Pressure is always taken to be normal to
the plane of the area on which it is acting. As this direction
is unique, it does need any specification. So pressure is
not a vector.

Problem 5. Can two vectors of different magnitudes
be combined to give zero resultant ?

Solution. No, two vectors of different magnitudes
cannot be combined to give zero resultant.

Problem 6. When is the magnitude of the resultant of
two vectors equal to either of them ?

Solution. When two vectors of equal magnitude are
inclined to each other at an angle of 120°, the magnitude of
their resultant is equal to that of the either vector.

a?=a® +a* + 2a% cos® 0
= cos 0= — = 0=120°
Problem 7. Are the magnitude and direction of

(A - B) same as that of (B - 4)? [Delki 10]

B[t

Solution. The vectors (/—{ ~B)and (B - A) have
equal magnitude but opposite directions.

Problem 8. Can A+B=A -B?

Solution. Yes. The equality holds when Bisanull vector.

Problem 9. When is the magnitude of (A+ E) equal
to the magnitudeof(;l' - E)?

Solution. When the vectors A and B are perpen-
dicular to each other, | :4’+ §|=| .?1’— B|.

Problem 10. Under what condition will the direc-
tions of sum and difference of two vectors be same ?

Solution. When the two vectors are unequal in
magnitude and are in the same direction.

Problem 11. If A+ B =B+A , what can you say
about the angle between Aand B?

Solution. A and B can have any angle between them
because commutative law holds good for any two coplanar
vectors. '

Problem 12. Can we add a velocity vector to a
displacement vector ?

Solution. No, only vectors representing physical
quantities of same nature can be added together.

Problem 13. What is the minimum number of
coplanar vectors of different magnitudes which can give
zero resultant ?

Solution. Three. If three vectors can be represented by
the three sides of a triangle taken in the same order, then
their resultant is a zero vector.

Problem 14. If a +b =c and|a |+|b |=|c |, what
can we say about the direction of these vectors ?
Solution. The three vectors have the same direction.
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Problem 15. What is the resultant of vector X
multiplied by real number m ?

-
Solution. The resultant vector m A has magnitude m
times that of A . It has same direction as that of A if mis
<=
positive. It has direction opposite to that of A if m is
negative.

Problem 16. Can a vector be multiplied by both
dimensional and non-dimensional scalars ?

Solution. Yes. When a vector is multiplied by a dimen-
sional scalar, the resultant has different dimensions.
When the vector is multiplied by a non-dimensional
scalar, its dimensions remain unchanged.

Problem 17. What is the maximum number of
components into which a vector can be resolved ?

Solution. Infinite.

Problem 18. Can the magnitude of the rectangular
component of a vector be greater than the magnitude of
that vector ? - ,

Solution. No. For example, the rectangular compo-
r'terni:sof\:re'c‘tcn';\&ax'e/‘l!t = Acos @and A, = Asin 6. As both

sin 0 and cos 0 can take values between — 1and + 1, so the
magnitudes of both A, and A, cannot be greater than A.

Problem 19. Can a vector be zero when one of the
components is not zero while all the other components
are zero ?

Solution. No. Any vector A in three dimensions can
be written as

A= Axf + A, f + A:l?
where A =/ Af + A,f +.A%.
Clearly, if any of the components A, A or A_ is not

zero, the vector X will not be a zero vector.
Problem 20. Can the increment Aa in the magnitude
of vectora be greater than the modulus of the increment

of the vector, that is, | Aa’ | ? Can they be equal ?

Solution. No, the increment A 2 cannot be greater than
the increment| Aa | as shownin Fig. 4.90. The two will be
equal if @ and Aa have the same direction.

——

Fig. 4.90

Problem 21. The direction of vector a is reversed.
Find Aa ,|Aa | and Aa.

Solution. Ad =—a —a =-2a
|AG | =2a
Problem 22. If @’ and Aa  are directed opposite to
each other, what is the relation between Ag and | Aa | ?

Solution. Az =—|Aa|.
Problem 23. A vector a is turned through a small

angle d6 without a change in its length. What are | Ad |
and Aa ?

Solution. | Aa | =a d8and Aa = 0.
Problem 24. Give two conditions necessary for a
given quantity to be a vector.

Solution. (i) The quantity must have both magnitude
and direction.

(i1) It must obey the laws of vector addition.
Problem 25. Is finite rotation a vector ?

Solution. No. This is because the addition of two finite
rotations about different axes does not obey commutative
law. '

Problem 26. Can the scalar product of two vectors be
negative ? i

Solution. Yes, the scalar product is negative when the
angle between two vectors lies between 90° and 270°.

Problem 27. What is the dot product of two per-

perpendicular vectors A and B ? [Himachal 01, 02, 03, 04]

Solution. Zero, as A. B = ABcos 90° = 0,

Problem 28. What is the dot product of two similar
unit vectors ?

Solution. Unity. For example, i = (D(Deos0®=1.

Problem 29. What is the dot product of two
dissimilar unit vectors ? 2

Or
Calculate the value of :} [Himachal 02]
Solution. Zero.

For example, i . | =(1)(1)cos 90° = 0.

—

Problem 30.1f A. B
thatB =C ?

=2 '
= A, C,is it correct to conclude

- Solution. No. We can write Z.(—B'— E)=0 which

— - -+
implies that A may be perpendicularto (B - C).
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)

*  Problem 31. If A 4 B and E are non-zero vectors and
2> ‘=

A .B =0and B. C =0 thenfindoutthe valueof A . C .

- — - -
Solution. A.B=0 = A LB
- - —
B.C=0 = B LC

= - =B

Al|C and A.C = ACcos 0°= AC.
Problem 32. What is the magnitude and direction of
f+;’ ? ‘

Solﬂﬁ0m|f+;|=‘/]2 + 1P =42

If the vector i + ; makes angle p with x-axis, then

Problem 33. What is the angle made by vector
A =2i+2] with x-axis ?

Solution. The angle O between A and y-axisis givenby

-

wosgo At _@1+2]).0 _ 2x142x0 2
T T e e
LA|[f] [2i+2ji] V& +2 22

].

or i cos = ——=
V2

0 = 45°.

Problem 34. What should be the angle @between two
vectors A and B for their resultant R to be maximum ?
Solution. R =,/A% + B* + 2ABcos @

R will be maximum when cos =+ Tor 6= 0°
R,..=A+B.
Problem 35. What should be the angle 0 between two

vectors K and E for their resultant E to be minimum ?
Solution. R =JA2 + B2+ 2ABcos 0

R will be minimum when cos 0 = - 1or 0 =180°
R . =A~B.

min
Problem 36. What is the ¢ffect on the magnitude of
the resultant of two vectors when the angle 0 between

them is increased from 0° to 180° ?
Solution. R = \/Az + B® + 2ABcos §

As the angle 8 increases from 0° to 1807, the value of
cos 6 decreases, so the magnitude R of the resultant also
decreases.

,  Problem 37. Two persons are pulling the ends of a
string in such a way that the string is stretched hori-

zontally. When a weight of 10 kg is suspended in the
middle of the string, the string does not remain
horizontal. Can the persons make it horizontal again by
putting it with a greater force ?

Solution. No, the vertical weight cannot be balanced

by the horizontal force, however large the two forces may
be.

Problem 38. What is the vector sum of coplanar
forces, each of magnitude F, if each force makes an angle
of 2n/n with the preceding force 7

Solution. Total angle between n coplanar forces
=(2n/n) xn=2xn. This shows that the n forces can be
represented by the nsides of a closed polygon taken in the
same order. So the resultant force is zero.

=3 ¥
Problem 39. Two vectors A and B are in the same
plane and angle between them is 0. What is the

magnitude and direction of A x B ?
=5 =
Solution.| A x B|= ABsin 0
The direction of 2 x Bis perpendicular to the plane of

— —
Aand B and points in the same direction in which a right
handed screw would advance when rotated from ;i’ to E

Problem 40. If A and E are two length vectors, then
what is the geometrical significance of | A xB | ?

Solution. | Z x EI = ABsin 6, this gives area of the

parallelogram with adjacent sides A and B.
Problem 41. What is the unit vector perpendicular to
the plane of vectors Aand B?
- - -
Solution. i =0 = L2 2
| Ax B

Problem 42. What is the value of X x X ?
[Himachal 02]
Solution, Zero, because X P ;{ = AAsin 0° = ().

Problem 43. What is-the condition for two vectors to
be collinear ?

Solution. For two given vectors to be collinear, their
cross-product must be zero.

Problem 44. If X x E = 6 x E, show that E need not
be equal to .:{ ;

Solution. As ;{x E= Ex E
'f-l’x E—EXE=0
-+ = =
or (A-C)xB=0
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This implies that if C» K, then either B = 0
) — — B
or (A-C)|| B.
Problem 45. Find the value of i x 3

Solution. i x| =(1)(1)sin90°F =£ .

Problem 46, What is { .(;‘ < k)?

Solution. i .( [ xF J=i.1 =(1)(1)cos 0°=1
Problem 47. Under what condition will the equality :
|AxB|=A .B hold good ?

— - B e
Solution. As| Ax B|=A. B

X ABsin 0= ABcos  or tanB=1

= 0= 45"

Problem 48. What is the angle between (}? +B )and
(A xB )?

Solution. The resultant vector (z—ﬁ. + E) lies in the
plane of A and B, while the cross product (A x B) is
perpendicular to this plane. So the angle between ( A 3)
and (A x B) is 90°

Problem 49. Can there be motion in two dimensions
with an acceleration only in one dimension ?

Solution. Yes, in a projectile motion the acceleration
acts vertically downwards while the projectile follows a
parabolic path.

Problem 50. Can the direction of velocity of a body
change when the acceleration is constant ?

Solution. Yes, in projectile motion the direction of
velocity changes from point to point, but its acceleration is
always constant and acts vertically downwards.

Problem 51. Is the rocket in flight an example of
projectile ? .

Solution. No, because it is propelled by combustion of
fuel and does not move under the effect of gravity alone.

Problem 52. A stone is thrown vertically upwards
and then it returns to the thrower. Is it a projectile ?

Solution. It is not a projectile, because a projectile
should have two component velocities in two mutually
perpendicular directions, but in this case the body has
velocity only in one direction while going up or coming
downwards.

Problem 53. Why does a projectile fired along the
horizontal not follow a straight line path ?

Solution. Because the projectile fired horizontally is

constantly acted upon by acceleration due to gravity
acting vertically downwards.

Problem 54. A body projected horizontally moves
with the same horizontal velocity although it is under
the action of force of gravity. Why ?

Solution. The force of gravity acts in the vertically
downward direction and has no effect on the horizontal
component of velocity ; and this makes the body to move
with constant horizontal velocity.

Problem 55. What is the angle between the direction
of velocity and acceleration at the highest point of a
projectile path ?

Solution. 90°. At the highest point the vertical
component of velocity becomes zero, the projectile has
only a horizontal velocity while the acceleration due to
gravity acts vertically downwards.

Problem 56. A bullet is dropped from a certain
height and at the same time, another bullet is fired
horizontally from the same height. Which one will hit
the ground earlier and why ?

Solution. Since the heights of both bullets from the
ground is the same, 5o the time taken by both of them to
reach the ground will be the same.

Problem 57. A stone dropped from the window of a
stationary bus takes 5 seconds to reach the ground. In
what time the stone will reach the ground when the bus
is moving with (a) constant velocity of 80 kmh !

(b) constant acceleration of 2 kmh 2 ?

Solution. (a) 5 seconds (b) 5 seconds. In both cases,
initial vertical velocity is zero, downward acceleration is
equal to ‘g and also vertical distance covered is same.

Problem 58. A bomb thrown as projectile explodes in
mid-air. What is the path traced by the centre of mass of
the fragments assuming the friction to be negligible ?

Solution. The path traced by the centre of mass of the
fragments is a parabola,

Problem 59. At what point in its trajectory does a projec-
tile have its (/) minimum speed (/i) maximum speed ?
Solution. For a projectile given angular projection, the
horizontal component of velocity remains constant through-
out while the vertical component first decreases, becomes
zero at the highest point and then increases again. Hence
() Projectile has minimum speed at the highest point of
its trajectory.
-(1f) Projectile has maximum speed at the point of
projection and at the point where it returns to the
horizontal plane of projection.

Problem 60. What will be the effect on horizontal
range of a projectile when its initial velocity is doubled,

keeping the angle of projection same ? [Dethi 02]
Solution. As R = W sin 26 ie, Rl
8

When uis doubled, the horizontal range becomes four
times the original horizontal range.
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Problem 61. A projectile is fired at an angle of 15° to
the horizontal with the speed v. If another projectile is
projected with the same speed, then at what angle with
the horizontal it must be projected so as to have the
same range ?

Solution. For same R and 2, the sum of the two angles

of projection is 90°. As one angle is of 15°, other should be
90° - 15° = 75°,

Problem 62. Is the maximum height attained by

projectile is largest when its horizontal range is maximum ?

Solution. No. Horizontal range is maximum when
0=45° and maximum height attained by projectile is
largest when 6 = 90°, ’

Problem 63. What will be the effect on maximum
height of a projectile when its angle of projection is
changed from 30° to 60°, keeping the same initial
velocity of projection ? ‘

W sin® 0

Solution. Maximum height, H = 2

iz__sjnz mo_(ﬁlz)z _
H, sin®30° (1/2)°
Thus the maximum height becomes three times the
original maximum height.

Problem 64. A body is projected with speed u at an
angle 0 to the horizontal to have maximum range. What
is the velocity at the highest point ?

Solution. For maximum horizontal range, 8 = 45°

Velocity at highest point = Horizontal component of
velocity = ucos 45° =u [/ +/2.

Problem 65. What is the angle of projection for a
projectile motion whose range R is n times the
maximum height H ?

Solution. Here R=nH
u* sin 20 i sin® @
or =N
g 28
W* % 2sin Ocos O 1w sin? 9 4
or =i or tanO=-
e 2g n
= 6= tan! [E) 4
n

* Problem 66. The greatest height to which a man can
throw a stone is h. What will be the greatest distance
upto which he can throw the stone ? '

2 sin?

Solution. Maximum height attained, H = . s;-n &
: ' 8
Clearly, H will be maximum when sin 6 =1
)
me = —g =h
i

Maximum horizontal range, R, =-—=2h.

g

Problem 67. A particle is projected at an angle 0 from
the horizontal with kinetic energy K. What is the kinetic
energy of the particle at the highest point ?

Solution. If the particle is projected with velocity o,
then its initial kinetic energy is

K= —% mv*
Velocity of the projectile at the highest point
=vcos O

K.E. of the particle at the highest point
=% m (v cos ) =(-% mv*) cos” 0 =K cos® 0.

Problem 68. A man can jump on the moon six times
as high as on the earth. Why ?

Solution. Maximum height attained on earth,

i sin” @
2g

Acceleration due to gravity on moon, g'=g/6

. Maximum height attained on moon,
_#sin’0_6fsin®0
RN T

So one can jump on moon six times as high as on earth.

Problem 69. A projectile of mass m is fired with
velocity v at an angle 6 with the horizontal. What is the
change in momentum as it rises to the highest point of
the trajectory ?

Solution. Horizontal component of velocity remains
constant. The vertical component is vsin 0 at the point of
projection and zero at the highest point.

Magnitude of change in momentum

=m(vsin 6~ 0)=muvsin 6 (in the vertical direction)

Problem 70. A projectile of mass m is thrown with
velocity v from the ground at an angle of 45° with the

horizontal. What is the magnitude of change in
momentum between leaving and arriving back at the
ground ? _

Solution. The vertical component of velocity at the
point of projection is vsin 0 and at the point of return is
-vsin 0.

H=

H’ 6H

’. Magnitude of change in momentum
=m(vsin 8+ vsin 0) =2 mvsin 6
=2 mysin 45° =2 mv
(in the vertical direction).
Problem 71. A block slides down a smooth inclined
plane when released from the top while another falls
freely from the same point. Which one of them will
strike the ground earlier ?
Solution. Acceleration of the freely falling block is g

while that of the block sliding down the smooth inclined
plane is g sin 8. As g > g sin 6, so the block falling freely
will reach the ground earlier. .
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Problem 72. Why does a tennis ball bounce higher
on hills than in plains ?

Solution. Maximum height attained by a projectile
1

ix —
g
As the value of g is less on hills than on plains, so a
tennis ball bounces higher on hills than on plains.

Problem 73. Two projectiles A and B are projected
with velocities V2 and v respectively. They have the
same range. If A is thrown at angle of 15° with the
horizontal, then what is the angle of projection of B ?

Solution. Given R, =R,
or (v/20)? sin (2x 15°) _ o¥ sin 20
8 8
or sin 260 = 1=sin 90°
or 0= 45°,

Problem 74. A stone is thrown horizontally with a
speed /2gh from the top of a wall of height h. It strikes

the level ground through the foot of the wall at a
distance x from the wall. What is the value of x ?

Solution. As k= %gt-"

dow: A2
£
Distance
Speed = ——
pee Time
.‘fzg =;.
,/Zh/g
or x = /2¢h x ik—=2."h.
8

Problem 75. The velocity of a particle is constant in
magnitude but not in direction. What is the nature of
trajectory ?

Short Answer Conceptual Problems

Problem 1. Which of the following quantities are
independent of the choice of orientation of the
coordinate axes :

=% = -+ =+ =
a+h, 3ax+Zby,la+b—cl,

anglebetween[—; and c—‘:., ha , where A is a scalar ?

Solution. A vector, its magnitude and the angle

between two vectors do not depend on the choice of the
: . . I =
orientation of the coordinate axes, so a+ b,|a+b—c |

—
angle between b and ¢ and A a are independent of the
orientation of the coordinate axes.

Solution. The particle moves on a curved path. The
instantaneous direction will be tangential to the path at
every point.

Problem 76. What is the angle between velocity vector
and acceizration vector in uniform circular motion ?

Solution. 90°.

Problem 77. For uniform circular motion, does the
direction of centripetal acceleration depend upon the
sense of rotation ?

Solution. The direction of centripetal acceleration
does not depend on the clockwise or anticlockwise sense
of rotation of the body. It always acts along the radius
towards the centre of the circle.

Problem 78. If both the speed and radius of the

circular path of a body are doubled, how will the

centripetal acceleration change ?
2
Solution. Original centripetal acceleration, a = .

r

New centripetal acceleration, a’'

Problem 79. A stone tied to the end of a string is
whirled in a circle. If the string breaks, the stone flies
away tangentially. Why ?

Solution. The instantaneous velocity of the stone
going around the circular path is always along tangent to
the circle, When the string breaks, the centripetal force
ceases. Due to inertia, the stone continues its motion along
tangent to the circular path.

Problem 80. When a knife is sharpened with the
help of a rotating grinding stone, the spark always
travels tangentially to it. Why ?

Solution. When a knife is sharpened, the red hot
particles of the grinding stone get separated as sparks. As
these particles are in circular motion, hence their
velocities are directed tangentially to the grinding stone.

But the quantity 3a, + 2b depends upon the magni-
tude of the components along x- and waxes, s0 it will
change with the change in coordinate axes.

Problem 2. Doa+b anda - b. lie in the same plane.
Give reason.

Solution. Yes, because @+ b is represented by the

diagonal of the parallelogram drawn with 4 and b as
ad]acent sides. The diagonal passes through the common

tail of @ and b. However, a - b is represented by the
other diagonal of the same parallelogram not passing

-3 bsd —5 —»
through the common tail of 2 and b . Thus both a + b

and a - b lie in plane of the same parallelogram.
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Problem 3. Can we apply the commutative and
associative laws to vector subtraction also ?

Solution. (i) No, we cannot apply commutative law to
vector subtraction because @ ~ F z ;— 7

(1) Yes, association law can be applied to vector
subtraction because(;+ l_r’)— c= :+( F;_ ?)

Problem 4. Can three vectors not in one plane give a
zero resultant ? Can four vectors do so ?

Solution. No, three vectors not in one plane cannot
give a zero resultant because the resultant of two vectors
will not lie in the plane of the third vector and hence
cannot cancel its effect.

The resultant of four vectors not in one plane may be a
zero vector.

Problem 5. What is the difference between the
following two data :

(1) 8 (5 km/hr, east) (ii) (8 hr) (5 km/hr, east) ?

Solution. (i) It is the product of a pure number and a
vector (velocity), hence the unit of product is the same as
that of vector i.e., the product is a velocity of 40 km/hr,
towards east.

(i1) It is the product of a scalar (time) and a vector
(velocity)., Hence the unit of the product will be hr x
(km/hr). Thus the product is a displacement of magnitude
‘40 km, towards east.

Problem 6. Is [a+ b | greater than or less than

|;|+|§|?Givemason.
- - S =

Solution.| a + b |> (| a|+| bl)2

=|a|2+| b2 +2}@)| b]cos 8=| a2 =B -2 B)

=-2|2]| b'|(1~cos 6)

=-2|E’||F|sin2—g=anegaﬁvemmntity

Hence|;+i;lsl?|+]l;’|.

Problem 7. Is |a - l-;l greater than or less than
1@ | *15]?

Solution. |a -fTﬁ—uE’|+r5'|)2

=|aR ¥\ E 2 -2|a||b)cos 0~ a R ~| b2 -2)a)| b

LR ==

= -4[:?||l;'io.:(.)s2 — = a negative quantity

Hencelf—ir_'|$|;|+|5’|.
Problem 8. Under what condition does the equality :
|f\’+§’[ =|E—§’| hold good ?

or A2+ B2 42

or 4

=y

This implies that A and B are perpendicular to each
other.

Problem 9. The sum and difference of two vectors
are perpendicular to each other. Prove that the vectors
are equal in magnitude.

Solution. As the vectors A+ E and A - B are
perpendicular to each other, therefore

- — - =
(A+ B).(A-B)=0

- - B .

5 S o -
A A-A B+ B.A-B.B=0

- = -

or  A*-BF=0=> A=B [ A.B=B.A

Problem 10. Find the conditions for two vectors to be
(i) parallel and (ii) perpendicular to each other.

[Punjab 91]
Solution. (i) If A || B , then 6=0°
- - - . -
AxB=| A||B{sin0°n =0
Hence if two vectors are parallel, then their cross product
must be zero.
(ii)If A LB , then 6=90° and

and

- —

A.B=|A|| Bloos90°=0

Hence if kwo vectors are perpendicular, then their dot
product must be zero.

Problem 11. The resultant of two vectors I-; and 6 is
perpendicular to P and its magnitude is half that of Q.
What is the angle between P and Q ?

)

Solution. Clearly, P + (—?)- =
., 3 J3
or P = 1 @ or P= . Q

mIO

Fig. 4.91
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Q/2 Q2 1
tan 0=22/2 _ .
R N  Wo TP RN 1
or 0=30°" '

Angle between F and 6 H
B =180° - 6= 180° - 30° =150°.

Problem 12. The magnitude of vector ; is 2.5 metre
and is directed towards east. What will be the
magnitudes and directions of the following :

@-A MAI2 (254 (D4A ?

Solution. (4) 2.5 m due west.  (b) 1.25 due east.
(c) 6.25 m due west. (d) 10 m due east.

Problem 13. A person sitting in a moving train
throws a ball vertically upwards. How will the ball
appear to move to an observer (i) sitting inside the train
(ii) standing outside the train ? Give reason.

Solution. (1) To the observer inside the train, the ball
will appear to move straight vertically upwards and then
downwards because with respect to an observer sitting
inside the train, the ball has only one velocity acting
vertically downward.

(i) To the observer outside the train, the ball will
appear to move along the parabolic path because with
respect to the observer outside the train, the ball has both
horizontal and vertical components of velocity,

Problem 14. A bob hung from the celling of a room
by a string is performing simple harmonic oscillations.
What will be the trajectory of the bob, if the string is cut,
when bob is (i) at one of its extreme positions, (#i) at its
mean position ?

Solution. (i) When the string is cut in one of the
extreme positions of the bob, the bob will fall vertically
downmwards. The reason is that when the bob reaches its
extreme positions, it comes to rest for a moment. If the
string is cut, it will be simply the case of a body falling
freely under gravity.

(if) When the string is cut in mean paosition of the bob,
then the bob will move on parabolic path. The reason is
that when the bob is at its mean position, it has a velocity
parallel to the horizontal. If the string is cut, it will be
simply the case of a projectile fired parallel to the
horizontal.

Problem 15. Prove that the horizontal range is same
when angle of projection is (/) greater than 45° by certain
value and (i) less than 45° by the same value,

[Central Schools 08]
Solution. (1) When the angle of projection, 6 = 45° + «a,
the horizontal range is
W sin 2(45°+ a) . _lliiin(%°+ 2a)
& 8
N i* cos 2a

8

R=

(i) When the angle of projection, 0=45"-a, the
horizontal range is
_Wsin2(45° - a) o sin (90° - 2a)

8 g
B W cos 2a
S -

Clearly, R'=R.

Problem 16. Two bombs of 5 kg and 10 kg are thrown
from a cannon with the same velocity in the same
direction. (i) Which bomb will reach the ground first ?
(ii) If the bombs are thrown in the same direction with
different velocity, what would be the effect ?

Solution. (i) Both the bombs will reach the ground
simultaneously because the time of flight does not depend

upon mass of the projectile.
(if) On throwing with different velocities, the bomb
thrown with lesser velocity will reach the ground earlier.
2usin 0
P
8
Problem 17. Two bodies are thrown with the same
initial velocity at angles o and (90° - «) with the hori-
zontal. What will be the ratio of (i) maximum heights
attained by them and (if) their horizontal ranges ?
Solution. (1) When the angle of projection a, the
maximum height is
i -2
H, = i sin? a
28
When the angle of proje‘ction is (90°-a) the
maximum height is

=u25in2(90°—a)_u2coszo.

Rr

ie,  Teew

H
: 2 22
’ 2.2
%'—-Slnza:tanza:tanza:l
L, cos”a

(11) When the angle of projection is a, the horizontal
range is
R - i sin 2a
R
When the angle of projection is (90°-a) the
horizontal range is

R = W sin 2(90° —a) 1 sin (180° - 2a)
Fat 8 8

B W sin 20
B
R:R,=1:1
Problem 18. At which points on the projectile

trajectory is the (i) potential energy maximum (if) kinetic
energy minimum and (ifi) total energy maximum ?
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Solution. (i) P.E. of a projectile is maximum at its
highest point because of its maximum height. It is given by
W#sin® 01

3 2
(if) K.E. of a projectile is minimum (not zero) at its
highest point because of its minimum velocity.

(K.E.)y = :—11 muf,, =% mt (ucos 0)*

m u* sin® 0

(P.E.)yy =mg H=mg.

) = % m i cos® @
(11i) Total energy at highest point
=(P.E.)y + (K.E.)y
=%mu2 (si.n?' 8 + cos> 9)=%mu2
= Total energy at the point of projection

Hence total energy of a projectile is conserved at all
points of its motion. The K.E. is maximum at the point of
projection.

Problem 19. A body A of mass m is thrown with
velocity v at an angle 30° to the horizontal and another
body B of the same mass is thrown with velocity v at an
angle of 60° to the horizontal, find the ratio of the
horizontal range and maximum height of A and B.

Solution. For body A : 8=30°
Horizontal range,
_isin? (2x30°) 2 V3

R" 8 g 2
Maximum height,

p o 003 G

4 28 2¢ 4

For body B : 6=60°
=uzsin('2x60°)=£x-d__§

RB
g g 2
3 . 2 ang
and H8=M=£X§
2% 2 4.

Hence R,:Rz=1:1 and H,:Hp=1:3

Problem 20. A ball of mass m is thrown vertically up.
Another ball of mass 2m is thrown at an angle O with the
vertical. Both of them remain in air for the same period
of time, What is the ratio of the heights attained by the
two balls ?

Solution. Time of flight of the ball thrown vertically
upwards,

2
h="1
‘ 8

Time of flight of the ball thrown at an angle 6 with the
vertical,
_ 2, cos 0

T
= g

As L=T1,
Ei“ZuzcosB
g g
or- - 1 = U, cos O
2
Now H!=ﬁ and Hz_'é‘m“
28 %
Hy cos® 6

Problem 21. A skilled gunman always keeps his gun
slightly tilted above the line of sight while shooting. Why ?

Solution. When a bullet is fired from a gun with its
barrel directed towards the target it starts falling
downwards on account of acceleration due to gravity.
Due to which the bullet hits below the target. Just to avoid
it, the barrel of the gun is'lined up little above the target,
so that the bullet, after travelling in parabolic path hits the
distant target, as shown in Fig, 4.92.

Path of bullet

Target

Fig. 4.92

Problem 22. Is it important in the long jump that
how much height you take for jumping ? What factors
determine the span of a jump ?

Solution. Yes, for the longest jump the player should
throw himself at an angle of 45° with respect to horizontal.
The vertical height for this angle is

H=1#sin? 45°/2¢ =12 [ 4g,
where uis the velocity of projection. If the vertical height
is different from 1 / 4g, then the angle will be different
from 45° and the horizontal distance covered will also be
less.

Clearly, the span of jump depends upon

(7) the initial velocity of the jump, .

(if) the angle of projection.

Problem 23. A body is thrown horizontally with a
velocity v from a tower of height H. After how much

time and at what distance from the base of the tower
will the body strike the ground ?

Solution. Clearly, H = % ot?

ju P2
g

Distance from the base of the tower,

x=vt=v,{2Hl,g.
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Problem 24. A ball is thrown horizontally and at the
same time another ball is dropped down from the top of
a tower (i) Will both the balls reach the ground at the
same time ? (i) Will both strike the ground with the
same velocity ?

Solution. (i) Yes, because the initial vertical velocity of

both the balls is zero, and both will cover the same vertical
distance under the same vertical acceleration g.

(if) No, because on striking the ground although their
vertical velocities will be same but horizontal velocities
will be different. Hence their resultant velocities will be
different. -

Problem 25. A horizontal stream of water leaves an
opening in the side of a tank. If the opening is i metre
above the ground and the stream hits the ground D
metre away, then what is the speed of water as it leaves
the tank interms of g, h and D 7

Solution. The stream of water leaving the tank behaves
like a horizontal projectile and follows parabolic path.

h=1gt?
8
v=2=D i.
t 2h

Problem 26. A railway carriage moves over a straight

track with acceleration a. A passenger in the carriage
drops a stone. What is the acceleration of the stone w.r.t.
the carriage and the earth ?

Solution. When the stone is dropped, it falls freely
under the acceleration due to gravity g. With respect to
the earth, the acceleration of the stone is g.

Problem 1. Four persons K, L, M and N are initially at
rest at the four corners of a square of side d. Each person now
moves with a uniform speed v in such a way that K always
moves directly towards L, L directly towards M, M directly
towards N and N directly towards K. Show that the four
persons meet at a time d/v.

Solution. All the four persons will meet at the
centre O of the square. Each person covers a
displacement,

1 = 4
A P L
SEy Ve T =g

Component of velocity v towards O,
v =vcos45°=v/2

Problems on Higher Order Thinking Skills

Inside the carriage, the stone possesses two accelerations :
(i) Horizontal acceleration ‘e due to the motion of
the carriage.
(i) Vertical downward acceleration ‘g’ due to
gravity.
The acceleration of the stone w.r.t. the carriage

= Ja* + g*. .
Problem 27. A glass marble slides from rest from the
topmost point of a vertical circle of radius r along a

smooth chord. Does the time of descent depend upon
the chord chosen ?

Fig. 4.93 ' ¥
~ Solution. As shown in Fig. 4.92, let Cbe the centre of
the circle. Suppose chord ABmakes angle O with the vertical.
If the marble takes time! to slide along chord AB, then
AB=0xt + 3 g cos 0 xt?
[ Acceleration along AB= g cos 8]
2. 2AB  2x2rcos® 4r
gcos b gcos @ 8

or

or f=2 <

8

As t is independent of 6, so the time of descent does
riot depend on the chord chosen.

Required time,
i_d/JZ—__
v v/N2 v
v
K T — L
s ,'
&% ’ 2
bl s
qﬁ,\x, ;
l’o‘\
I” \\\
N 7 M

Fig. 4.94
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Problem 2. The x- and y- components of A are 4 mand
6 m respectively. The x- and y- components of vector
(Z + E’)are 10 m and 9 m respectively. Calculate for the

vector B (i) its x- and y- components (if) its length and
(iif) the angle it makes with the x-axis. [REC 89]
Solution. Here A, =4m, Ay =6m, A, + B, =10m,

Ay+8y=9m

() B,=10-4=6m, B =9-6=3m.
(ii) B=,{B§+B§=J36+9=Jﬁm.

(iii) @=tan"’ —L =tan™" > =26.6".
Bl’

Problem 3. A bird is at a point P whose coordinates are
(4 m,—1m,5m) The bird observes two points Py and P,
having coordinates (—1m,2 m,0m) and (1m,1m, 4 m)
respectively. At time £ =0, it starts flying in a plane of three
positions, with a constant speed of 5 ms~ ' in a direction
perpendicular to the straight line P, P, till it sees Py and P,
collinear at time t. Calculate t.

Solution. The situation is shown in Fig, 495. The
bird flies in a direction perpendicular to line BB,
Suppose it reaches the point Q in time f (after starting
from point P) where it sees P, and B, as collinear.

P,(1m,1m,4m)

P - P,
Am,-1m5m) A (-1m,2m,0m)
Fig. 4.95
&5 = ey
Let PP =4, BB =B, ZPRP=0and PQ=d
- = e '
As|Ax B|=| Al| B]sin®
Ax B
sinﬂ-—-] <8l
- -+ =
tAl|l B
> » |Ax B| |Ax B|
Now  d=|A|sin0=] A =
- = -
| Ajl B B
But A=(-1-4)i+@ +1)f +(©-5)k
=—5f+3f—5f
and B=(+1)i+(1-2)] +(4-0)k
=21{-f+4k

prophg

e

Ax B=|-5 3 -5
2 -1 4

—(12 =5)1 + (=10 +20) | + k (5-6)
=7i+10] -k
| Ax B|= {7 +10°+ P =125 m’
| Bj=y22+12+ 4% =458 m

d=@=2.67m
4583 '

and

Time taken by bird to reach the point Q will be

Problem 4. A person travelling eastward with a speed of
3 kmh™ finds that wind seems to blow from north. On
doubling his speed, the wind appears to flow from north-east.
Eind the magnitude of the actual velocity of the wind.

Solution. The situation is shown in Fig. 4.96.

North East

West

Fig. 4.96

Let the wind velocity be v.

In the first case, relative velocity of wind makes an
angle of 90° with opposite velocity of man.

From parallelogram law,
v sin 6
tan 90° = ———— =
3+vcosB

or 3+vcosB=0

(1)

In the second case, relative velocity of wind makes
an angle of 45° with double opposite velocity of man

tan45°=__lﬂ9‘_=
6+vcosb

or 6+vcosB=vsinb
From (1),
From (2),

w(2)
v COS 9~= -3
vsin®=6+vcos0=6-3=3
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L]
v* = (v cos 8) + (v sin 8)
=(-37+(3)=9+9=18
v=3v/2 km h™%,
Problem 5. Consider a collection of a large number of
particles each with speed v. The direction of velocity is
randomly distributed in the collection. Show that the
magnitude of the relative velocity between a pair of particles

averaged over all the pairs in the collection is greater than v.
INCERT]

Solution.  As shown in Fig. 4.97, let v, and v, be

velocities of any two particles and 0 be the angle
between them. As each particle has speed v, so

or

Fig. 4.97

The relative velocity 1_1;, of particle 2 w.rt. 1 is
given by

- =
":n;\jl ‘5'1 |2+l5;|2 +2|-v; || v ,| cos (180°-0)

=Jvz+v2—2vvcosB=J2v2(1-:cos 0)

0 0
=‘/z2 2 sin” ~ =2vsin —

7 x n 5 vsmz
[lacosze=25in26 s 1-cos =2 sin

zﬁ]
2

As the velocities of the particles are randomly
distributed, so @ can vary from 0 to 2r If v,, is the
magnitude of the average velocity when averaged over
all pairs, then

]
2 d
; mnz : 2[
521= =

jde
0

cosG/Z]"
1/2

[0%"

0

e ZR
_4 =
__v[_2]0_=-72

2n -0 : T

=..2_”[_1_1]=4—ﬂ=1.273v
n n

[cos 7t — cos 0]

Clearly, 7,, >v

Problem 6. A ball rolis off the top of a stairway with a
constant horizontal velocity u. If the steps are h metre high
and w metre wide, show that the ball will just hit the edge of

2 hu®

gut

Solution. Refer to Fig. 4.98. For nth step,
net vertical displacement = rih

nth step ifn=

net horizontal displacement = no

—-.-?h’ i
1st kT
2nd .
~
h .
\
w A
\
\
5
\
nth‘.
+ R .
Fig. 4.98

Let 1 be the time taken by the ball to reach the nth
step. Then

R=ut
or no= ut
1w
or t=—
u
1 -
A1SO, y=uyf+igf
2
or nh—0+l‘gt2=1 [1"—”)
2 u
g’

Problem 7. Show that the motion of one projectile as
seen from another projectile will always be a straight line
motion.

Solution. As shown in Fig. 4.99, suppose two
projectiles are thrown from the origin O of the XY-plane
with velocities u; and ,, making angles 0, and 0,

?Y

B(xz.- yz)
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respectively with X-axis. After time f, let the two
projectiles occupy positions A(x,,x,) and B(x,, y,).
Then

x1=u1cosﬁ at

Also, x2=u2cosﬂz.t ,
and Yy =uysin0,.t-1gt
X, =X =(1, cos 0, —u; cos H;) ¢
yz—y1 =(],‘2 sinez—u1 Siﬂel)t
SE Y2-Y _ %sind, -y sinb, = m(a constant)
X, =X; U cosB,-u cosB,

If (x, y) be the coordinates of point B relative to the
point A, then

X, —X =X and Yo=Y =V

L =
3 m or y=mx

This is the equation of a straight line. Hence the
motion of a projectile as seen from another projectile is
a straight line motion.

Problem 8. A boy playing on the roof a 10 m high
building throws a ball with a speed of 10 ms™" at an angle of
30° with the horizontal, How far from the throwing point
will the bali’ be at the height of 10 m from the ground ? Given
g =10ms> IAIEEE 03]

Soluhon. When the ball thrown from the height of
10 m reaches again at the height of 10 m, it covers a
distance equal to its horizontal range R given by
u*sin2 0

8

R=

Butu=10ms™', 6=30° g=10 mis ™2
(10)* sin 60°
10

Problem 9. A ball is thrown from a point with a speed of

v, at an angle of projection 6. From the same point and at the

same instant, a person starts running with a constant speed

of v, / 2 to catch the ball. Will the person be able to catch the
ball ? If yes, what should be the angle of projection ?

[AIEEE 04]

Solutmn. Yes, the person will be able to catch up
the ball if the horizontal component of the velocity of
the ball is equal to the constant speed of the person, i.e.,

R= =10 x 0.866 = 8.66 m.

vonosﬁ —2—0r cos B = -1

8 = 60°,
Problem 10. 4 projectile can have the same range R for

two angles of projection. If t, and &, be the time of flight in
the two cases, then prove that

b=k,

g [ATEEE 05]

Solution. For equal range, the particle should

either be projected at an angle 6 or (90° - ).
_2usin®
g
2usin (90°~-6) 2ucos O
. g &
2usin® 2ucos B

'

or

Hence ity =

gﬁdﬁnea to NCERT Bxereisds” .

4.1. State for each of the following physical quantities, if it is
a scalar or a vector : volume, mass, speed, acceleration, density,
number of moles, velocity, angular frequency, displacement,
angular velocity.

Ans. Scalars : volume, mass, speed, density, number
of moles and angular frequency.

Vectors : Accelerauon, velocity, displacement and
angular velocity.

4.2. Pick out the two scalar quantities in the following list ;
force, angular momentum, work, current, linear momentum,
electric field, average velocity, magnetic moment, reaction as
per Newton'’s third law, relative velocity.

Solution. Work and current.

4.3. Pick out the only vector quantity in the following list :
Temperature, pressure, impulse, time, power, total path length,
energy, gravitational potential, coefficient of friction, charge.

Ans. Impulse.

4.4. State with reasons, whether the following algebraic opera-
tions with scalar and vector physical quantities are meaningful :

() Adding any two scalars.

(b) Adding a scalar to a vector of the same dimensions.
(c) Multiplying any vector by any scalar.

(d) Multiplying any two scalars.

(¢) Adding any two vectors.

() Adding a component of a vector to the same vector.
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Ans. (7) No. Only two such scalars can be added
which represent the same physical quantity.

(b) No. A scalar cannot be added to a vector even of
same dimensions because a vector has a direction while a
scalar has no direction e.g., speed cannot be added to
velocity.

(¢) Yes, We can multiply any vector by a scalar. For

example, when mass (scalar) is multiplied with accele-
-

ration (vector), we get force (vector) i.e, F= ma

(d) Yes. We can multiply any two scalars. When we
multiply power (scalar) with time (scalar), we get work
done (scalar) i.e., W = PL

(¢) No. Only two vectors of same nature can be added
by using the law of vector addition.

(f) No. A component of a vector can be added to the
same vector only by using the law of vector addition. So
the addition of a component of a vector to the same vector
is not a meaningful algebraic operation.

4.5. Read each statement below carefully and state with
reasons, if it is true or false :

(a)
(b)
()

The magnitude of a vector is always a scalar.
Each component of a vector is always a scalar.

the displacement vector of a particle.
The average speed of a particle (defined as total path
length divided by the time taken to cover the path) is
either greater or equal to the magnitude of average
velocity of the particle over the same interval of time.
Three vectors not lying in a plane can never add up to
give a null vector.

Ans. (2) True. The magnitude of a vector is a pure
number and has no direction.

(b) False. Each component of a vector is also a vector.

(c) False. The displacement depends only on the end
points while the path length depends on the actual path.
The two quantities are equal only if the direction of
motion of the object does not change. In all other cases,
path length is greater than the magnitude of displacement.

(d) True. This is because the total path length is either
greater than or equal to the magnitude of displacement
over the same interval of time.

(¢) True. This is because the resultant of two vectors
will not lie in the plane of third vector and hence cannot
cancel its effect to give null vector.

4.6. Establish the following vector
geometrically or otherwise :

()

(e)

inequalities

@ la+bl<lalslb)l B)la+blzlal-1b]
@la-bl<ialselbl @la-blzlal-1b

When does the equality sign above apply ?

The total path length is always equal to the magnitude of

Ans. (a) If 0 be the angle betweef @ and b , then

la +E’|=J|?F+|B’F+2|E’|u?|cose

Now | ; + ;I will be maximum when

cosB=1or 8=0

la"+ E’lma,‘:JI;PH bR +212 11b lcos 0°

=J|E’P+|FP=|E’|+|3|

. = - -3
Hence la + bl<lal+lb|
The equality sign is applicable when 8= 0° i.c,, when

r-:’ and ; are in the same direction.
(b) Again

|F+'B’|=J|E’P+|B'F+2|E’||F|mse

The value of | 7 + I-; | will be minimum when

cos B=-1
or 0= 180°
1@+ |y =yla R+ B +212 115 lcos 180°

=\f(|5’|-|5'1)2=|5’|-15’|

Hence |a +b]|2la 1-1b |

The equality sign is applicable when 6 = 180°i.¢., when
2 and b arein opposite directions.

(c) If 8is the angle between @ and b, then the angle
betweena and - b will be (180°~8), as shown in Fig. 4.100.

=J|E’P+l-E’|2+2|a*n-E’|cos(130°—9)
IR 415 =217 115 lcos 6

[+ 1=b I=1b |, cos (180°—8) = - cos @]
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la -b Iwill be maximum whencos 0 = - 1or 0 = 180°

|5’-E’|M=J|a*|2 +18 B =212 11k Icos (180°-8)

(IZ 1+ 1B 1P =131+ 15

Hence 1@ -b 1<la 1+1b |
The equality sign is applicable when @ = 180°.
(d)1a -b | will be minimum when

cosB=1o0or 6=0°

-

\d ~b |m=J1§‘|2+|5’11-2|5‘nE’|cosO°

=@ =18 12 =13 1-15 |

Hencela - b 1212 115 |
The equality sign is applicable when 8 = 0°.
47. Given @ +b +¢ +d =0, which of the following
statements are correct :
@ 7,5,¢, and d must each be a null vector,
(b) The magnitude of (@ + ¢ ) equals the magnitude of
(b+d),
(€) The magnitude of @ can never be greater than
the sum of the magnitudes of b, c,andd,

(@ B + ¢ must lie in the plane of 7 and d if @ and

Iarenotcoﬂinear,andinﬁxelineof?and?,if
they are collinear ?

Ans. (@) a, F, ¢ and d need not each be a null vector.

The resultant of four non-zero vectors can be a null
vector in many ways e.g., the resultant of any three
vectors may be equal to the magnitude of fourth vector
but has the opposite direction. Hence the statement

-3

a,?,?andfuiustachbeanuﬂ@,isnolcomct.
(b)BecauseE'+5’+?+3’=0,hence5'+?=—(5’+3’)
:'.e.,.themagnimdeuf(; +c )is equal to the magnitude of

( b+d )but their directions are opposite. Hence the given
statement is correct.

(c) Because, a+b+c+d=0or E'=—(E’+E'+¢T).
Hence, magnitude of vector a is equal to magnitude of
vector(!?-&i c+d ). The sum of the magnitudes of vectors
F,E’andffma_ybegreaberthanorequalbothatofvector

a (or vector !7 +c+d ). Hence the statement that the
magnitude of @' can never be greater than the sum of the

-+ -5 -
magnitudes of b, ¢ and d is correct.

(d)BecauseE’+5’+E’+f:QMu(§'+?)+;+f=0,
The resultant sum of three vectors b + ¢, i and d can be
zerounlyif5'+ E’isinplaneofé’andz.lncase;and;

arecollinear,l';+ E’mustbehlimof&'andf. Hence the
given statement is correct.
4.8. Three girls skating on a 0
circular ice ground of radius 200 m 5
start from a point P on the edge of
the ground and reach a point Q
diametrically opposite to P following
different paths as  shown in
Fig. 4.101. What is the magnitude
of the displacement vector for each ? P
For which girl is this equal to the °
actual length of path skated ? Fig. 4.101

Solution. Displacement of each girl = PQ
Magnitude of displacement vector for each girl

=| PQ | =2 xradius = 2 x 200 = 400 m.

For girl B, the magnitude of displacement vector
= actual length of path.

- 4.9. A cyclist travels from centre O of a circular park of
radius 1 km and reaches point P. After cycling along 1/4 th of
the circumference along PQ, he returns to the centre of the park
along QO. If the total time taken is 10 minutes, calculate (i) net
displacement (ii) average velocity and (ii) average speed of the
cyclist.

Ans. (i) Net displacement is zero as both initial and
final positions are same.
isplacement
time taken

As displacement is zero, average velocity of the cyclist
is also zero. ’

(1) Average velocity =

Fig. 4.102
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(i1i) Total distance covered (iff) At the eighth turn, the motorist will be at C. The
= 0P+ Arc PQ+ OQ=r+ 2%”‘ +r magnitude of his displacement AC is
L1 2X2x1 . 25 | AC |= AR+ RC= ABsin 60° + BCsin 60°
7 x4 7
] ~ 500x Y3 4 500x Y3 = 5003 = 866 m.
Time taken =10min=-h : 2
. .
bl Aiaen el The direction of ACis 30° left of the initial direction AB.
Average speed =
Time taken Total path length = 500 x8 = 4000 m = 4 km.
25/7 km P ] 4.11. A passenger arriving in a new town wishes to go from
= 2L 9143 kmh! &%
B S : the station to a hotel located 10 km away on a straight road from
1/6h ‘ away &

_ the station. A dishonest cabiman takes him along a circuitous

4.10. On an open ground, a motorist follows a track that path 23 kin long and reaches the hotel in 28 minutes. What is (i)

turns to his left by an angle of 60° after every 500 m. Starting . average speed of the taxi and (ii) the magnitude of average
from a given turn, specify the displacement of the motorist at the velocity ? Are the kwo equal ?

third, sixth and eighth furn. Compare the magnitude of the ; . . .
displacement with the total path length covered by the moforist. 0 D Donysagnitude of displacegiegt = 10m

in each case, Total path length =23 km
Ans. As shown in Fig. 4.103, suppose motorist starts Time taken = 28 min _28 h-—-l h
from point A. 60 15
\ (f) Average speed = gatiipth length
D) 60°, . Time taken
C(11, VIIT) 23 km
=% — =493 kmh™\.
—h
15

(i) Magnitude of average velocity
_ Displacement _ 10 km

7
Time taken & h

Clearly, the average speed and magnitude of the
average velocity are not equal. They will be equal only for
straight path.

4.12. Rain is falling vertically with a speed of 30 ms™'. A
Fig. 4.103 woman rides a bicycle with a speed of 10 ms™" in the north to

Clearly, he will follow the hexagonal path ABCDEFA. south direction. What is the relative velocity of rain with respect
The orders of the turns taken by him are indicated at the the woman ? What is the direction int which she should hold

=21.43 kmh ',

vertices of the hexagon. her umbrella to protect herself from the rain ?
(i) At the third turn, the motorist will be at D. The  Solution. The P
magnitude of éisPlacemmt ADwill be ) s‘;‘faﬁ:’;();s shown
- AP+ PQ+ QD in Fig. 4.104.
= ABsin 30+ BC + CDsin 30°
=500 %2 + 500 + 500 x 4 = 1000 m =1 km. - +
2 2 Dy ~ Uy
o 4 — S A‘ , '0 -1 ']C N
The direction of AD is 60° left of the initial direction AB. 10 ms 10ms !
Total path length P\2* S
= AB+ BC+ CD =500 x3=1500m = 1.5 km. 2
(i) At the sixth turn, the motorist comes back to the - |= » :' E
starting point A, so magnitude of displacement is zero. x| & 2
- I
Total path length 3 !
= AB+ BC+ CD+ DE+ EF + FA !
=500 x6=3000 m =3 km. Fig. 4.104 * ------
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Here 4.14. In a harbour, wind is biowing at the speed of
72 kmh™" and the flag on the mast of a boat anchored in the
harbour flutters along the N-E direction. If the boat starts
=10ms™!, due south moving at a speed of 51 kmh™ to the north, what is the
direction of the flag on the mast of the boat ?

Solution. When the boat is stationary, the flag flutters

OA =5’w = velocity of woman cyclist

OB = z7R = velocity of rain

n = . -
U, vestiagy e along N-E direction. This shows that velocity of the wind
oC = —?W is along N-E direction. When the boat moves, the flag

flutters along the direction of relative velocity of wind
w.r.t the boat. Thus 7, = OA =wind velocity =72 kmh ™",
due N-E direction

= Velocity of rain relative to woman .

cyclist Boat velocity = v, = OB=51kmh™', due north
vpw = OD=,/OC? + OB? = [10? + 3¢

=10+10 =316 ms ™’

- If OD makes angle B with the vertical, then

= Opposite velocity of the woman cyclist.

=3 - -+ -— — -
OD =vy+ (~ vy )=V — ¥y = Vg

tanB=—@=%=l—D=0.3333 or [=18°26"
OB OB 30 :
The woman should hold her umbrella at 18°26' with the Wi E

vertical in the direction of her motion i.e., towards south.
4.13. A man can swim with a speed of 4 kmh™" in still

water. How long does he take to cross the river 1 km wide, if the
river flows steadily at 3 kmh™ ' and he makes his strokes normal
to the river current ? How far from the river does he go, when he
reaches the other bank ?

Solution. In Fig. 4.105, v, and v, represent the

Fig. 4.106

Yelocities of man and siver; Cleggly v is thegiSiaut of Relative velocity of wind w.r.t. boat is given by

these velocities. If the man begins to swim along AB, he

. - o —» —
will be deflected to the path AC by the flowing river. Vg = Uw ~Vp =ty *(=0p)
B c | = O0A+OC=0D
1 s
v, p Clearly, the flag will flutter in the direction of ODon
v UR ’ the mast of the moving boat.
& Angle between 7y, and - 7, 0= 45°+ 90°= 135°
n v If 5;% makes angle f§ with 5;‘,, then
: — vpsin®  5lsin 135°
A Dy + vycos 8 72+ 51cos 135°
Fig. 4.105 _ Slsings®  Slx
. — TN oy = 1
Time taken to cover distance AC with velocity 7 will- zas Di(~eorAS’) J2=sleg
be same as the time taken to cover distance AB with = 1 1.0037
2 ' 722 - 51
velocity v,,. "
-, Time taken by the man to cross the river is o p=450r
AB 1km 1 h =18 i - Angle w.r.t east direction = 45.01° - 45° = 0.01°
= a “4kmh ' 4 . Hence the flag will flutter almost in the east direction,
Distance through which the man goés downithe riveris 4.15. The ceiling of a long hall is 25 m high. What is the
1 maximum horizontal distance that a ball thrown with a speed of

5 = -1 xZh=
BC=wvg xt =3kmh™" x 4 h =0.75 km. 40 ms~" can go without hitting the ceiling of the hall ?
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Solution. Here H=25m, u=40ms™’ 4.18. An aircraft executes a horizontal loop of radius 1km
If the ball is thrown at an angle 0 with the horizontal, with a steady speed of 900 km h” \. Compare its centripétal
then maximum height of flight, acceleration with the acceleration due to gravity.
Pein2 @ Solution. Here r =1 km = 1000 m
28 v=900kmh"=902;5=250ms'1
(40)* sin® 0 _ _
298 Centripetal acceleration,
s 2
25x2x98 a=i {250), =625ms %

. 2
or sin“ 8= =0.306
_)( 40 v r 1000

Centripetal acceleration ~ 62.5

® — f — = =638
" din = {0300 = 0554 Acceleration due to gravity 9.8
and cos 0= 1- sin 0 = y1-0306 4.19. Read each statement below carefully and state, with
- J0.694 = 0.833 reasons, if it is true or false :

(@) The net acceleration of a particle in circular motion is

The maximum horizontal distance is given by al along the radius of the circle s vk

i sin 20 21 sin Bcos O

R= = (b) The velocity vector of a particle at a point is always along
8 8 the tangent to the path of the particle at that point.
= 2 x (‘m)z x 0.554 x 0.833 ~150.7 m. (c) The acceleration vector of a particle in uniform circular
9.8 ' motion averaged over one cycle is a null vector.

4.16. A cricketer can throw a ball to @ maximum horizontal Solution. (z) False. The net acceleration of a particle in
distance of 100 m. How high above the ground can the cricketer circular motion is towards the centre only if its speed is

throw the same ball ? . [Delhi 98] constant.
Solution. Let u be the velocity of projection. Then (b) True. A particle released at any point of its path
N 100 m will always move along the tangent to the path at that point.
Rinax = g N (¢) True. For any two diametrically opposite points on
_ A the circumference, the acceleration vectors are equal and
" ¥ =100g or u= 100 opposite. Hence the acceleration vector averaged over one
For upward throw of the ball, we have complete cycle is a null vector.
u=,100g, v=0, a==-g, s=? 4.20. The position of a particle is given by
As 2 -1 = 2as r=30ti -206%] +40k m
0-100g=2(-g)s . where t is in seconds and the coefficients have the proper units
~100g for?tabein mefres.
or s= = . . 1
-2 (a) Find the o and @ of the particle. (b) What is the
Thus the cricketer can throw the same ball to a height  agnitude and direction of velocity of the particle att =25 ?
of 50 m. ‘ [Delhi 10]

4.17. A stone tied to the end of a string 80 cmlong is whirled Solution. (2) Given :

inn a horizontal circle with a constant speed. If the stone makes

s o 2% 4
14 revolutions in 25 seconds, what is the magnitude and rit)=30t1 -201%j +40k m

direction of acceleration of the stone ? rod
14 ()-—=—(30n ~201% ] + 40k )
Solution. Here r=280cm, V=S 1ps dt
~3.0i -4.0¢t ]
@=2nv=2 _23)‘1_4=§rd_1 J
25 25 i A
The acceleration of the stone is “( )=W=—(3 01 4.0t !) -407j .
‘ 2
Ll 881" _ -2
a=ro —80*(5) =9912cms™. (b) Att =25, v =30{ -80]

This acceleration is directed along the radius of the Theagnitude of the velocity g

circular path towards the centre of the circle. o J o} + 1’2 wﬁz +(~8) =73 =8.54 ms™
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The direction of velocity is given by | Solution. (2) In Fig. 4107, OA=1, AB=], AC=~-|.

_ 49 - 8
9=tan1[-v—y]=tanl(-'§) : AY

X
= —tan~ ' (~ 2.6667)
= — 70° withx-axis.
4.21. A particle starts from the origin at t =0s with a

velocity of lﬂ.ﬂf m/s and moves in the x-y plane with a

constant acceleration of (801 +2.0] yms % (@) At what

time is the x-coordinate of the particle 16 m ? What is the
y-coordinate of the particle at the time ? (b) What is the speed of
the particle at the time ?

Solution. (a) Here initial velocity,

v =100 ms™! Fig. 4.107

Acceleration, Applying A law of vector addition in AOAB,
i =(807 +20])ms? OB=OA + AB=1 %]

The position of the particle at any instant t will be ; § .81 an [oafE aE T
Pos‘* - .]._-. 2 . Il*l'"OB OA +A82— 1 1 —\[i.
r(t)=vot+2a t

Direction of i L. ; is given by
=100 t+ (807 +20j )¢ BA _1_

or x(t)f +yt)] = 402§ + (100t + 1.0¢3) w = 45°

x(t) =408 W o S s P
! 0OC= = L =f —
y(t)=10.0t+l.0t2 Again, OA+ AC=1 +(~J)=1 —]|
Given x(t)=16m, t=? f W =] 1=0C=J0A% + AC = [P + P =2,
40t* =16 o K&
= T Direction of i - j is given by
Att =25, y=10.0=:2+l.0x22='21m. tan-B=g—§=_—11=—-1
(b) Velocity, r B =-45°
7 =% (%) Given @ = 2{ +3] and let b =1 +jand
A KA - -
. , = ¢ =1 — . Then component of a in the direction b
=—d—[4.0t2i +(100t +1.0t%) )1 ;
dt = (acos 8) b
=8Ot i +(100+20t)] . _abcos@F _a b
? 4 b b
Att =2s, 0 =160i + 140 " bR
Speed, v=ﬁ+v§=11161+142 _ (2 +3ZI)-§'2+1)“5 D
[P+ 1)
= /256 + 196 =452 = 21.26 ms ' 2,14,3,(1(!,“) 5345
d A A = =—{1
422, (a) If i and j are unit vectors along X- and Y-axis 2 FY*% s
respectively, then what is the magnitude and direction of i+ ; Component of @’ in the direction of ¢
A A - — » AL A A
andi —j ?. a.c > (20 43))(F=j) &
T e 7))
lc 1%+ 1)

(b) Find the components of a=21+3 f along the
A A ~ A 2"]4'3!("1) 3 ? |
directions of vectors1 + | and1 —]. =——2———(r -})=—§(I-]).
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4.23. For any arbitrary motion in space, whiclf of the
following relations are true :

- -
-3 U(t)"’v(f")
@7, =220

©(E)=0(0)+at

_Tiy) - T)

t,- 4
(@ r(t)=r0)+v(0) t+1 at?

V() -0t
“od 27 H b
Ans. As the motion is arbitrary, the acceleration may
not be uniform. So the relations (¢) and (d) cannot be true.
For an arbitrary motion, the average velocity cannot
be defined as in equation (), so relation (a) is not true.
Only relations (b) and (¢) are true.
4.24. Read each statement below carefully and state, with
reasons and examples, if it is true or false :
A scalar quantity is one that (a) is conserved in a process,
(b) can never take negative values, (c) must be dimensionless,
* (d) does not vary front one point to another in space, (e) has the
same value for observers with different orientations of axes.
Solution, (a) False. Kinetic energy (scalar) is not con-
served in an inelastic collision. Moreover, vector quantities

e

by v,

—»

(e)a

like linear momentum, angular momentum, etc., are also

conserved.

(b) False, Scalar quantities such as electric potential,
temperature, etc., can take negative values.

(c) False. Scalar quantities like mass, density, energy,
etc., are not dimensionless.

(d) False. Density (scalar) varies from point to point in
the atmosphere.

(e) True. The mass (scalar) of a body as measured by
different observers with different orientations of axes has
the same value.

4.25. An aircraft is flying at a height of 3400 m above the
ground. If the angle subtended at a ground observation point by
the aircraft positions 10 s apart is 30°, what is the speed of the
aircraft ? [Central Schools 12] A C B

Solution. Let A and B repre-
sent the two aircraft positions
separated 10 s apart (Fig. 4.108).

x
Then tan 15°= ——
3400

or x = 3400 tan 15°
= 3400 = 0.2679
= 910.86 m.
Speed of aircraft (Observation
SA086m _4er 2 ms?, ————
5s Fig. 4.108

4.26. A vector has magnitude and direction. Does it have a
location in space ? Can it vary with time ? Will two equal

vectors @ and b at different locations in space necessarily have
identical physical effects ? Give examples in support of your answer,

Solution. In addition to magnitude and direction,
each vector also has a definite location in space. For
example, a velocity vector has definite location at every
point of uniform circular motion.

A vector can vary with time. For example, increase in
velocity produces acceleration.

Two equal vectors @ and b having different locations
may not produce identical physical effects. For example,
two equal forces (vectors) acting at two different points
may not produce equal turning effects.

4.27. A vector has both magnitude and direction. Does it
mean that anything that has magnitude and direction is
necessarily a vector ? The rotation of a body can be specified by
the direction of the axis of rotation, and the angle of rotation
about the axis. Does that make any rotation a vector ?

Solution. No, anything that has both magnitude and

‘direction is not necessarily a vector. It must obey the laws

of vector addition.

Rotation is not generally considered a vector even
though it has magnitude and direction because the
addition of two finite rotations does not obey commu-

tative law. However, infinitesimally small rotations obey

commutative law and hence an infinitesimally small
rotation is considered a vector.

4.28. Can you associate vectors with (a) the length of a wire
bent into a loop, (b) a plane area, (c) a sphere ? Explain.

Solution. Out of these, only a plane area can be
associated with a vector. The direction of this area vector is
taken normal to the plane,

4.29. A bullet fired at an angle of 30° with the horizontal
hits the ground 3 kmaway. By adjusting the angle of projection,
can one hope to hit a target 5 km away ? Assume the muzzle
speed to be fixed and neglect air resistance.

Solution. In the first case, R=3km = 3000m,6 30°¢
12 sin 20
g

Horizontal range, R=
i sin 60°
8

uz 3000 _ 3000 x 2
gsm60° V3

Maximum horizontal range,

R = ﬁ—zooo\/ﬁm =3464 m =3.46 km.

g

But distance of the target (5 km) is greater than the
maximum horizontal range of 3.46 km, so the target
cannot be hit by adjusting the angle of projection.

4.30. A fighter plane I)"lyrmg horizontally at an altitude of 1.5 km
with a speed 720 kmh™ * passes directly overhead an antiaircraft
gun. Al what angle from the vcrhcal should the gun be fired for
the shell muzzle speed 600 ms™" to hit the plane ? At what
maximum altitude clmuld the pilot fly the plane to avoid being
hit ? Take g = 10 ms™

3000 =

or = 20003
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Solution. Speed of plane = 720 kmh™' =200 ms™". a= ‘}aé - a-?. = “(0.7)2 +(0.5)

The shell moves along curve OL. The plane moves
along PL. Let them hit after a time t. —ﬂ9+025 V0.74 =086 ms™
‘ If Bis the angle between the total acceleration and the

~ velocity of the cyclist, then,
P 0——--—0—7-1.4 or 6=54°28".
T ar 05
© 4.32. (a) Show }har for a projectile the angle between the
ExE velocity and the X-axis as a function of time is given by
-5 -1 (% =81
o(t) =t ———

(b) Show that the pro_rbc-ﬁaa angle 6, for a projectile launched
from the origin is given by ::

Fig. 4.109 B = tan"[gg’"J
For hitting, horizontal distance travelled by the plane
= Horizontal distance travelled by the shell.
or Horizontal velocity of plane xt
= Horizontal velocity of shell xt

200 xt = 600 cos 8 xt

cosre---@-l or 0=70°3(0
600 3

> X

where the symbals have their usual méaning.
Ans. (a) As shown in Fig. 4.111, suppose the projectile
is throwr ;vith a velocity y, at an angle 8, with the X-axis.

The shell should be fired at an angle of 70°30" with the v,
horizontal or 19°30" with the vertical.

The maximum height of flight of the shell is

y Wsin® 0w (1-cos” 0) > X
6o§82 1 % Fig. 4.111
= (__L(;j)_ = 16000 m =16 km. Let 7, and v, be the components of velocity v, along
2x10 X- and Y-dmechons respectively.
Thus the pilot should fly the plane at a minimum At any time f, suppose the particle is at point P. Tts
altitude of 16 km to avoid being hit by the shell. + velocity v has components v, and p, along X- and
4.31. A cyclist is riding with a speed of 27 kmh~'. As he ~Y-directions. Then
approaches a circular turn on the road of radius 80 m he applies Uy = Uox [Honzor'ntal component
brakes and reduces his speed at the constant rate 0.5ms™ 2, and v, =g, — &t remains unchanged]
What is the magnitude and direction of the net acceleration of If the velocity v makes angle 8 with X-axis, then
the cyclist on the circular turn ? tan = Y _Toy”8 ~8t . O=tan”' "y 8
Solution. Here r=80m v, Tge oy
v=27kmh ' = 2 ms '=75ms !, (b) Maximum height attained by the projectile ,
vpsin’
g - ¥ (750 2 h,=—2—2
Centripetal acceleration, a.=— = 0 0.7 ms 28
- r
Suppose the cyclist applies brakes at the point A of the Horizontal rang:z o.f ihe prc:zechle:
circular turn, then, tangential acceleration a, (negative) _ 5sin28, _ v x2sin @, cos b,
will act opposite to velocity. g g
Given aT.=0'.5»tns'2 ﬂn: vésinzﬂgx : g _ tan 0,
As the accelerations a R 28 v *2sin B, cos 8, 4
and a; are perpendicular to or tan @, = 4h,
each other, so the net ®" R
- g - - h
acceleration of the cyclist is Hence, 0, = tan™ 4h,,

Fig. 4.110 R
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Text Based Exercises

10.

11

13.
14.

15.
16.
17.

18.

19.

21.

&

Type A : Yery Short Answer Questions

Do;es a scalar quantity depend on the frame of
reﬁ_erence chosen ?

A given quantity has both magnitude and direction.
Is jt necessarily a vector ?

When is the sum of two vectors (i) maximum and
(1) minimum ?

Wi"\en can the addition of two vectors be zero ?
[sfﬁe magnitude of ( A+ E)sameasthatof( B+ Z)?
Unf&er what condition the sum and difference of
two vectors will be equal in magnitude ?

What is a resultant vector ?

The magnitude of the resultant of two vectors of
magnitudes 5 and 3 is 2. What is the angle between
the two vectors ?

Can__' three vectors of different magnitudes be
con'{bined to give a zero resultant ?

Whiit is the minimum number of forces acting on an
object in a plane that can produce a zero resultant
force ? [Delhi 04]

What is the minimum number of forces of equal
magnitude whose vector sum is zero ?

Does it make a sense to call a physical quantity a
vectof, when its magnitude is zero ?
Give ei_nxxample of a zero vector.

If |Pi>| Q| what is the angle between the
maximum resultant and minimum resultant of the
two véétors i” and a ?

Is the division of vectors defined ? .
Can the sum of two vectors be a scalar ?

Can any of the components of a given vector have
greater nagnitude than that of the vector itself ?

Fifteen vectors, each of magnitude 5 units, are
represented by the sides of a closed polygon, all
taken in.same order. What will be their resultant ?

Under what condition is the scalar product of two
non-zero vectors zero 7

Give one éxample of dot product of vectors. Also
give its unit. [Delhi 98]

Wlwtistim;rn:::gnitu‘deot’thevecton'zaf - 3f +3k 7
Show that A. A = A2,

Can the magnitude of the resultant vector of two given
vectors be less than the magnitude of either vector ?

24,

g

29.

31.

32

35.

-

1 Mark Each

The magnitudes of vectors X 3 and 8 are 12, 5and
13 units respectively and A+ B=C.What is the

angle between Z and E ? [Delhi 96]

If A, Band C are mutually perpendicular vectors,
then what is thevalueofz.(-g%-z)?
What istheanglebetween(f + f)and(f —f)?

A unit vector is represented by ai + bf + ck.If the
values of a and b are 0.6 and 0.8 respectively, find
the value of ¢ [Delhi 05]

Given four forces :

» AA -+ A A A
E=3{-]+9k, E=2i -2 + 16k,

f-‘;=9f+f+1813 and f:;=f+2f—181?.

If all these forces act on a particle at rest at the
origin of a coordinate system, then identify the
plane in which the particle would begin to move ?
Two vectors of magnitudes 3 and 4 give a resultant
of magnitude 2. What must be the dot product of
these two vectors ?

Two vectors of magnitudes 5 and 3 give a resultant
of magnitude 2. What must be the angle between
the two vectors ?

When vectors are added or substrated, their
resultant is a vector. Is it also true in case of
multiplication of two vectors ?

Give an example of a physical quantity which can
be represented as a vector product of two vectors.

e
What is the angle between the vectors A x B and
§ x ;{ ?

What is the angle between two vettors if the ratio of
their dot product and the magnitude of cross
product is V3 ?

- = -
If A x B= 0, what can be said about the non-zero
vectors A and B ? [Delhi 97]

What will be the angle between Aand g, if the area

of the parallelogram drawn with A and B as its
adjacent sides is 3 AB?
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K ¥

39,

-40.

41.

43.

45.

47.

49,

51.

52.

Two vectors of magnitude A and v3A are
perpendicular to each other. What is the angle

which their resultant makes with A?
If A+ B+C+ D=0, can the magnitude of
A+ B+ Cbe equal to the magnitude of D?

What are horizontal and vertical components of
acceleration of a body thrown horizontally with
uniform speed ?

Velocity of a projectile is 10 ms ™ !, At what angle to the
horizontal should it be projected so that it covers
maximum horizontal distance ? [Delhi 99]
Can a body possess velocity at the same time in
horizontal and vertical directions ?

Name the quantity which remains unchanged
during the flight of an oblique projectile.

A football is thrown in a parabolic path. Is there any
point at which the acceleration is perpendicular to
the velocity ?

A projectile fired from the ground follows a
parabolic path. The speed of the projectile is
minimum at the top of its path, State whether this
statement is true or false.

Is it true that the instantaneous velocity of a
projectile is tangential to its parabolic path ?

A body is projected at an angle of 45° with a velocity
of 9.8 ms~ |, What will be its horizontal range ?

At what angle to the horizontal should a body be
projected so that the maximum height reached is
equal to the horizontal range ?

Why does the direction of motion of a projectile

become horizontal at the highest point of its trajectory ?

A projectile is fired with kinetic energy 1 kJ. If its
range is maximum, what will be its kinetic energy
at the highest point of its trajectory ?

A body is projected so that it has maximum range R
What is the maximum height reached during the
flight ?

What is the maximum vertical height to which a
cricketer can throw a ball if he can throw it to a
maximum herizontal distance of 160 m ?

Two bodies are projected at angles 6and (90° - 0) to
the horizontal with the same speed. Find the ratio
of their time of flight.

A particle moves in a plane with uniform accele-
ration in a direction different from its initial velocity.
What will be the trajectory followed by the particle ?

__Answers

1.

No. A scalar quantity does not depend on the frame
of reference.

55.

56.

57.

58.

59.

61.

62.

63.

67.

Name two quantities which have maximum values
when the maximum height attained by the
projectile is the largest.

The range of a projectile when launched at an angle
of 15° to the horizontal is 1.5 km. What is the range
of the projectile when launched at an angle of 45° to
the horizontal ?

What are the angles of projection of a projectile
projected with velocity 30 ms ™!, so that the hori-
zontal range is 45 m ? Take g = 10ms ™ 2.

A bomb is dropped from an aeroplane flying
horizontally with a speed of 720kmh -1 at an
altitude of 980 m. After what time, the bomb will hit
the ground ?

A ball is thrown at an angle of 45° to the horizontal
with kinetic energy K. What is the kinetic energy at
the highest point of trajectory ?

A ball is thrown at an angle 0 with the horizontal.
Its time of flight is 2 s. Its horizontal range is 100-m.
What is the horizontal com-gonent of velocity of
projection ? Take g = 10 ms™ “.

The maximum range of a projectile is 2/ V3 times its
actual range. What is the angle of projection for
actual range 7 [Central Schools 08]
What is the angular velocity of the hour hand of a
clock ?

What furnishes the centripetal acceleration for the
earth to go round the sun ?

Express the unit vector A ina mathematical form.
[Himachal 03]
Find a wunit vector parallel to the vector

3 +7f +4dk. [Chandigarh 02|

Evaluate E y kA' . [Himachal 01]

Can two non-zero vectors give zero resultant
when they multiply with each other ? If yes, give
condition for the same. [Delhi 06]

—* -+ ~ -
A vector A is expressed as A=A i+ A | where
A, and A, are its components along x-axis and

y-axis respectively. If vector A makes an angle 0
with x-axis, then 8is given by which expression ?
[Delhi 08]

What is the value of A x f? 7 [Central Schools 12]

No. The given quantity will be a vector only if it
obeys the laws of vector addition.
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3

4.

10.

11.

13.

14.
15.
16.
17.
18.

19.

(1) When two vectors have same direction, their
sum is maximum.

(if)y When two vectors have opposite directions,
their sum is minimum.

The addition of two vectors can be zero only when
these vectors have equal magnitude and opposite
directions.

Yes.|A + 8B |=|B 4 |
When the two vectors are perpendicular to each

other.

The resultant of two or more vectors is that single
vector which produces the same effect as the
individual vectors together produce.

1807, i.e., the two vectors have opposite directions.

Yes, when three vectors are represented by the
three sides of a triangle taken in order, they will
have resultant null-vector.

Three forces, provided they can be represented by
the three sides of a triangle taken in the same order.

Two forces, provided the two forces have opposite
directions.

Yes. A zero vector has a definite physical
significance.

The displacement of a ball thrown up and received
back by the thrower is a zero vector.

0°.

No.

No, the sum of two vectors is always a vector.
Yes, provided the components are not rectangular.
Zero vector. The vector sum of all the vectors
represented by the sides of a closed polygon taken
in the same order is zero.

When they are mutually perpendicular to each
other.

Work done is equal to the dot product of force and

displacement vectors.
W=F.$

The SI unit of work is joule.

120 -37 448k | = 2% + (-3 + (V3)

=J4+9+3=4
-+ = - - ) 2
A.A=|A||lAlcos0°=| A" = A"
Yes. This is possible when the angle 6 between the

two given vectors lies between 90° and 270°
because in that case cos 0 is negative.

Clearly 12% + 5% = 13% ie., A% + B? = C%. Hence the
angle between A and B is 90°.

27,

31

32

. 37D

39.

40,
41.

42'
43.

= ABcos 90° + ACcos 90° = 0.
90°, because (i + j ).(i —j)=11-11=0.

Jo.sh 08+ =1, c=0

Resultant force,

- —+ - —» — A A A
F=R+E+FK+FE=151 +0j +25k.
Clearly, the particle will move in the X-Z plane.
As 3% + 42 =5%, 5o the two vectors are perpen-
dicular to each other. Their dot product will be
zero.

As 5 -3 =2 this indicates that the two vectors have
opposite directions and angle between them = 180°.
May or may not be. The dot product of two vectors
gives a scalar quantity while the cross product
gives a vector quantity.

Torque T is the vector product of position vector r

- - 3 =
and force vector F, ie,.t=r x F.

- = -+ =
1807, because A x B and B x A are antiparallel.

A .B =AB':‘_’5°=cote=J§.
IK xﬁ'l ABsin 0

or tanG=-1— = 0=230°.

V3
—» —
The vectors A, and B are parallel vectors.

Area of parallelogram
=|A xB|= ABsin e=% AB

sinB:—-—; = 0=230°
Heretan():‘[iA: 3 0 = 60°

Clearly, A+ B+ E: 6- D= B

Hence the magnitude of ( A+ B+ C ) will be equal
to that of D.

For a body thrown horizontally with a uniform
speed,

acceleration along horizontal =0

acceleration along vertical = g.

At an angle of 45° to the horizontal.

Yes, a body in projectile motion possesses both
horizontal and vertical velocities.

Horizontal component of velocity. ,
Yes, at the highest point of the parabolic path.
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&

47.

49,

51.

52.

53.

55.

The statement is true. The horizontal component of
the velocity will remain constant throughout the
motion whereas the vertical component of the
velocity will be zero at the top. Hence the resultant
velocity of the projectile will be minimum at the top.

Yes.

Horizontal range will be maximum at 45° It is
given by

Maximum height = Horizontal range
o sin® 0+ sin 20
% 8
On solving, tan 6=4 or 6=76"
At the highest point, the vertical component of

projectile velocity becomes zero. The projectile has
only the horizontal component of velocity.

K.E. at the highest point
= Initial K.E. x cos® 8 =1k] x cos® 45°=500].
H,,. =R/4
Max. horizontal range = 1* / ¢ = 160 m
Max. vertical height = 1 / 2 = 80 m.

or

) : s

T =2usm9 andT2=2usm(90 9)=2Mcose
3 & ' 1

T .

LA L

TZ

Parabolic path.

() Vertical component of initial velocity.
(if) Time of flight.

When 0 = 15°,
. 5 , 7
R_—_M:f.xl:].s or £=3km
8 g 2 g
When 8 = 45°, R=—uzsm—90=§=3km.
g

Type B : Short Answer Questions

Distinguish between position and displacement
vectors. :
Define (i) unit vector (ii) null vector (iif) cross
product of two vectors Aand B. [Manipur 98]
State and prove the commutative property of vector
addition. [Himachal 07 ; Central Schools 03]
State and prove the polygon law of vector addition.
[Himachal 01C, 07, 07C, 09C ; Chandigarh 03]
Give one example of dot product of vectors. Also
give its unit. [Delhi 98]

57.

-R=uzsm29 45=3(}Zsm26
g 10

or sin 20=1/2=sin 30° or sin 150°
8=15" or 75°

2
p= 2 22980 6 3 -1a14s
g 9.8

K.E. at the highest point
= Kcos? 0= Kcos® 45° =K / 2
59, T 2usin® R=2u25m9cose
g g
Horizontal component
R 100 m -1
=ueos = —=——=
Tr 2s
2 W 2 uw'sin20
60. =—R or —=—1
&N‘IT -‘E g 3 - g
or 5m29=?=sin60° 6 =30°
. 2n radian g -1
6l ©w= =—rad h™.
“" 12hour 6
62. The gravitational pull of the sun on the earth.
-5
hy
—
Al
64. The unit vector parallel to the vector 37 +7f + 4k
_3f‘+7f+4l§ _3?+7f+4!?
J32+72+42 V74 A
65. k .k =(1)(1)cos0°=1
66. Yes. For example, the cross product of two non-
zero vectors will be zero when angle 8 = 0°or 180°.
67. tan&:ﬁ.
4
- =5 =
68. AxA =0 .

6.

2 or 3 Marks Each

Suppc;se you have two forces Fand F. How would
you combine them in order to have resultant force
of magnitudes

(@) zero, (b)2F, and () F?

Given that
A =Al+A]+AK
= A a

and B=Bi+B,] +BKk.

[Delhi 03]

-+ =
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8.

9.

10.

11.

13.

14.

15.

16.

17.

18.

19.

Find the scalar and vector product of two vectors,
@ =(3i —4j +5k) and

B =(-2i +] +3k). [NCERT]

Find the work done in moving a particle along a
vector § =(4i —f + 7k ) if the applied force is
F =(f + 2f -k ) newton. g’isinmetre.
[Delhi 99]
The angle between vectors Aand B is 60°. What is
the ratioofz. E and | :{x §|?
[Central Schools 05]
State parallelogram law of vector addition. Show

that resultant of two vectors A and B inclined at an
angle 0is R =y A? + B? + 2ABcos0.

[Delhi 03 ; Himachal 03, 04, 07, 09C ; Chandigarh 08]
A man moving in rain holds his umbrella inclined
to the vertical even though the rain drops are
falling vertically downwards. Why ? [Delhi 1999]
Obtain an expression for the area of a triangle in
terms of the cross product of two vectors repre-
senting the two sides of the triangle. [NCERT]
Show that two dimensional uniform velocity motion
is equivalent to two one dimensional uniform
velocity motion along two coordinate axes.

[Himachal 07C, 08C]

Define uniform acceleration. Show that in two-
dimensional motion with uniform acceleration,
each rectangular component of velocity is similar to
that of uniformly accelerated motion along one
dimension.
Write an expression for the instantaneous position
vector of an object having two dimensional motion
under uniform acceleration. Hence, show that a
two dimensional uniformly accelerated motion is a
combination of two rectangular uniformly accele-
rated motions.
Show that for a particle moving in two dimensions,

?: T+ B —t)+ %?(t'-t)l

where 7 and ' are the position vectors of the particle
at time t and t’ respectively. [Himachal 06C]
A projectile is fired with a velocity ‘W making an
angle 8 with the horizontal. Show that its trajectory
is a parabola. [Central Schools 12 ; Delhi 06, 08]
A projectile is projected with velocity 1 making
angle 8 with horizontal direction, find :
(a) time of flight

(b) horizontal range [Central Schools 04)

20.

21.

24,

26.

27.

29.

31.

32.

33.

35.

Show that there are two angles of projection for
which the horizontal range is same for a projectile.
[Delhi 95 ; Himachal 06]

Show that there are two angles of projection for a
projectile to have the same horizontal range. What
will be the maximum heights attained in the two
cases ? Compare the two heights for 6 = 30°and 60°.

[Himachal 07C]
Find the angle of projection at which the horizontal
range and maximum height of a projectile are equal.
What is a projectile ? Find its horizontal range and
show it is maximum for an angle of 45°

[Himachal 01C]
A projectile is fired at an angle 8 with the horizontal
with velocity w Deduce the expression for the
maximum height reached by it. [Delhi 12]
A projectile is fired with velocity ‘u’, making an
angle 8 with the horizontal from the surface of
earth. Prove that the projectile will hit the surface of
earth with same velocity and at the same angle.

[Chandigarh 07]
Prove the following statement “For Elevations
which exceed or fall short of 45° by equal amounts,
the ranges are equal”. [Central Schools 08]
Prove that the maximum horizontal range is four
tims the maximum height attained by the projectile
when fired at an inclination so as to have maximum
horizontal range. [Himachal 06, 07 ; Chandigarh 08]

Justify the statement that a uniform circular motion

is an accelerated motion. [Delhi 99]
Derive the relation between linear displacement
and angular’ displacement. [Himachal 07)

Establish a relation between linear velocity and
angular velocity in a uniform circular motion and
explain the direction of linear velocity.

[Himachal 06, 07, 09 ; Chandigarh 03]
Define angular acceleration. Establish its relation
with linear acceleration. [Himachal 06]

Derive an expression for the acceleration of a body
moving in a circular path of radius ‘v with uniform
speed ‘o, [Delhi 97]
Define Angular velocity and Angular acceleration.
Derive an expression for centripetal acceleration of
a uniform circular motion of an object.
) [Delhi 98, BIT Ranchi 99]
Derive an expression for centripetal acceleration of
an object in uniform circular motion in a plane. What
will be the direction of the velocity and acceleration
at any instant ? [Himachal 04, 06C ; Chandigarh 08 ;
Central Schools 08]
For a uniform circular motion show that :

() v=rw (i)a= ruf [Central Schools 12]
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__Answers

1
2,

3.
4.
5.

10.

= B.EE

15!
16.

Refer answer to Q. 5 on page 4.2.

Refer answer to Q. 7 on page 4.2 and Q. 33 on
page 4.25.

Refer answer to Q. 15 on page 4.5.
Refer answer to Q. 14 on page 4.5.

Refer answer to Very Short Answer Q. 20 on
page 4.82.

(i) When the two forces act in opposite directions,
the magnitude of their resultant is zero.

(1) When the two forces act in the same direction,

the magnitude of their resultant = Magnitude

-
of 2F.
(i) When angle between F and F is 120° the
magnitude of their resultant = Magnitude of F.
For details, refer to the solution of Example 5
on page 4.9.
Refer answer to Q. 38 on page 4.27.
d.0=-25and 7 xb =7i-]-5k.

- -

W=F .§

=(i+2f -k).(af - f+7k) -

=4-2-7=-5]
- =

A.B _ ABcos 6
IZxEI ABsin @

=cot 0= cot 60°=—:l—.

V3

Refer answer to Q. 19 on page 4.7.
Refer answer to Q. 48 on page 4.37.
Refer answer to Q. 34 on page 4.25.
Refer answer to Q. 45 on page 4.34.
Refer answer to Q. 46(a) on page 4.34.
Refer answer to Q. 46(b) on ?age 4.35.

Type C : Long Answer Questions

What is meant by resolution of a vector ? Prove that
a vector can be resolved along two given directions
in one and only one way.

State the parallelogram law of vector addition and
find the magnitude and direction of the resultant of

two vectors 3and ainclined at an angle 0 with
each other. What happens, when 8 = 0°and 8 = 90°?
[Meghalaya 96 ; Himachal 02, 04, 06, 09)

17.
18.
19.
20.
21.

BENSRRER

B8

32,
33.

35.

3.

4.

Refer answer to Q. 46(b) on page 4.35.
Refer answer to Q. 53 on page 4.44.
Refer answer to Q. 53 on page 4.44.
Refef answer to Q. 54 on page 4.45.
Refer answer to Q.54 on page 4.45.
Max. height attained in first case,

b, - i*sin’ @

2

Max. height attained in second case,
. W sin? (90°~ 6) - 1”* cos> @

HZ
. 2 28
Again,
H(30°) u’sin®30°  2¢
H(60°) 2 isin’60°
U2 1 g
= A2 3% 3.

_ Refer to the solution of Example 76 on page 4.48.

Refer answer to Q. 54 on page 4.45.

Refer answer to Q. 53 on page 444

Refer answer to Q. 54 on page 4.45.

Refer to the solution of Problem 15 on page 4.68.
Refer to the solution of Example 77 on page 4.48.
Refer answer to Q. 56 on page 4.55.

Refer answer to Q.57(i) on page 4.56.

Refer answer to Q. 59 on page 4.56.

Refer answer to Q.60 on page 4.57.

Refer answer to Q. 61 on page 4.57.

Refer answer to Q. 57 and Q. 58 on page 4.56 and
Q. 61 on page 4.57.

Refer answer to Q. 61 on page 4.57.
(i) Refer answer to Q. 59 on page 4.56.
(i7) Refer answer to Q. 61 on page 4.57. °

5 Marks Each

(a) Analytically, find the resultant R of mfo vectors

A and B indlined at an angle 6.

(b) Find the angle between two vectors _I; and 5 if
resultant of the vectors is given by R* = P> + Q%
[Central Schools 07]
State triangle law of vector addition. Give analytical
treatment to find the magnitude and direction of a
resultant vector by using this law. [Himachal 03, 08]
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(a) Pick out only the vector quantities from the 9. Define projectile. Show that the path of projectile is
following : Temperature, pressure, impulse, parabola. Find the angle of projection at which the
time, power, charge. horizontal range and maximum height of the

(b) Show by drawing a neat dlagram that the projectile are equal. [Central Schools 05]
flight of a bird is an example of compositionof ~ 10. (a) Show that for two complementary angles of
vectors. projection of a projectile thrown with the same

(¢) A man is travelling at 10.8 k.m h~! in a topless velocity, the horizontal ranges are equal.
car on a rainy day. He holds his umbrella at an (b) For what angle of pro)e-chon of a prmechle,
angle 37° to the vertical to protect himself from the range maximum ?
the rain which is falling verhcally downwards. (¢) For what angle of projection of a projectile, are
What is the velocity of the rain ? the horizontal range and maximum height
[ Given cos 37°= g ] [Central Schools 08] attained by the projectile equal ? [Manipur 99

6. Establish the following vector inequalities : 11. (a) What is projectile motion ?
T S S (b) The maximum range of projectile is 2/+/3

@ 1a +bislal+|b] » times actual range.geWhatPistheangle of

(i) | @ ~B| ]3]+ (B progiponfor the ackun’ fgiige 7 -
¥ (c) Two balls are thrown with the same initial
When does the equality sign apply ? velcoity at angles @ and (90°-a) with the
7. What is a projectile ? Derive the.expression for the horizontal. What will be the ratio of the
trajectory, time of flight, maximum height and maximum heights attained by them ?
horizontal range for a projectile thrown upwards, [Central Schools 08]
making an angle 8 with the horizontal direction. 12. Define centripetal acceleration. Derive an expression
[Himachal 07C ; Central Schools 07] for the centripetal acceleration of a body moving with
. What s a projectile ? Show that its path is parabolic. uniform speed v along a circular path of radius r.
Also find the expressions for (l) maximum height Explain how it acts along the radius towards the
attained and (ii) time of flight. ~ [Himachal 03, 04] centre of the circular path.  [Himachal 04, 08, 09C]
—Answers
1. Refer answer to Q. 20 on page 4.14. 6. Refer to solution of Example 10 on page 4.10.
2. Refer answer to Q. 19 on page 4.7. 7. Refer answer to Q. 53 on page 4.43.
3. (a) Refer answer to Q. 19 on page 4.7. 8. Refer answer to Q. 53 on page 4.43.
(b) Refer to the hint of Problem 14 on page 4.14. 9. Refer answer to Q. 53 on page 4.43 and see solution
4. Refer answer to Q. 18 on page 4.7. of Example 76 on page 4.48,
5. (a) Impulse. 10. (a) Refer answer to Q. 54 on page 4.44.
(b) Refer answer to Q.17(a) on page 4.6. (b) 6=45°
() 9z =108kmh™! =3 ms™' () 8=75°58"

11. (a) See point 46 of Glimpses.

Given': cos3 tan3 (b) Refer to the answer of Q.60 on page 4.85.
s S 57 o 3__ % (c) Refer to the solution of Problem 17(i) on page 4.78.
Dy 4 3ms™ . 12. Refer answer to Q. 61 on page 4.57.

or aR=§=2.25ma"..
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10.

11.

12.

Competition
Section

Moalion in a Plane

GLIMPSES

Scalars. The physical quantities which have only
magnitude and no direction are called scalars e.g.,
mass, length, time. speed, work, power, etc.

Vectors. The physical quantities which have both

magnitude and direction are called vectors e.g.,

displacement, velocity, acceleration, force, momen-
tum, etc.

Representation of a vector. A vector is repre-
sented by a straight line with an arrowhead overit.
The length of the line gives the magnitude and the
arrowhead gives the direction of the vector.
Position vector. A vector which gives position of
an object with reference to the origin of a coordi-
nate system is called position vector.

Displacement vectog. It is that vector which tells

how much and in which direction an object has
changed its position in a given time interval.
Polar vectors. These are the vectors which have a
starting point or a point of application ¢.g., dis-
placement, force, velocity, etc.

Axial vectors. The vectors which represent rota-
tional effect and act along the axis of rotation in
accordance with right hand screw rule are called

axial vectors e.g., torque, angular momentum, etc.

Equal vectors. Two vectors are said to be equal if

they have the same magnitude and direction.
Negative vector. The negative of a vector is

defined as another vector having the same magni-
tude but having an opposite direction.

Zero vector. A vector having zero magnitude and
an arbitrary direction is called a zero or null vector.
Collinear vectors. The vectors which either act
along the same line or along parallel lines are
called collinear vectors.

Coplanar vectors. The vectors which act in the
same plane are called coplanar vectors,

13.

14.

1H.

18,

19;

20,

21,

.

Modulus of a yector. The magnitude or length of a
vector is called its modulus.
Modults of vecliARIA 1=.A

Fixed vector. The vector whose initial vector is
fixed is called a fixed vector or localised vector.

Unit vector. A unit vector is a vector of unit
magmhxdedmwnmﬂ\edlrechonufagwenvector

A unit vector in the direction of A is given by

A=
IAI

Free vector. A vector whose initial point is not

fixed is called a free vector or non-localised vector.

Co-initial vectors, The vectors which have the
same initial point are called co-initial vectors.

Co-terminus vectors, The vectors which have the
common terminal point are called co-terminus
vectors.

Properties of zero vector. A zero vector has the
following properties :

;+ 6=;’:; i\.5=6; 0;1‘=6
Multiplication of vector by a real number. When
a vector A is multiplied by a real number A, we get
another vector l;\.. The magnitude of J.X is A
times the magnitude of A . If Lis positive, then the
direction of A A is same as that of A. If A is
negative, then the direction of A Ais opposite to
that of A .

Multiplication of a vector by a scalar. When a
vector A is multiplied by a scalar A, which has
4.89
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22,

25.

certain units, the units of A A are obtained by
multiplying the units of A by the units of A.

Composition of vectors. The resultant of two or
more vectors is that single vector which produces
the same effect as the individual vectors together

would produce. The process of adding two or
more vectors is called the composition of vectors.

. Triangle law of vector addition. If two vectors can

be represented both in magnitude and direction by
the two sides of a triangle taken in the same order,
then their resultant is represented completely both
in magnitude and direction by the third side of the
triangle taken in the opposite order. In the figure
below,

] e .

- -+ -
OA+ AB=0OB or P+Q=R
I

Parallelogram law of vector addition. If two vectors
acting simultaneously at a point can be repre-
sented both in magnitude and direction by the two
adjacent sides of a parallelogram, then their
resultant is represented completely both in magni-

tude and direction by the diagonal of the parallelo-

gram passing through that point. In the figure,
. - — e T N S
OA+0B=0C or P+Q=R

0]

Themgtﬁtudebf&leremﬂtant Kisgivmby
R=P + Q® + 2PQcos 6

where 8is the angle between P and a.lf R makes
angle p with E"then
Qsin ¢

P+ Qcos 0

Polygon law of vector addition. If a number of
vectors are represented both in magnitude and
direction by the sides of an open polygon taken in
the same order, then their resultant is represented

tan p =

26,

27.

28.

29.

30.

both in magnitude and direction by the closing
side of the polygon taken in opposite order.
Properties of vector addition :
() Vectors representing physical quantities of
same nature can only be added.

~ (if) Vector addition is commutative.

R I R

A+ B=B+ A
(@) Vector addition is associative.

— — — — - -
(A+B)+ C=A+(B+ ()
Subtraction of vectors. The subtraction of a vector
- ! :
B from vector x is defined as the addition of
vector - Bto A: Thus A~ E= Z+(—E}
Resolution of a vector. The process of splitting a
vector into two or more vectors is known as
resolution of the vector. The vectors into which the
given vector is splitted are called component
vectors. A vector A can be resolved into compo-
nents along two given vectors @ and b lying in
the same plane in one and only one way :
A=A+ pE.

where A and p are real numbers.
Orthogonal triad of unit vectors : Base vectors.
The unit vectors | ,f ,K are vectors of unit
magnitude and point in the direction of the x-, y,
and z-axes, respectively in a right-handed coordi-
nate system. These are collectively known as the
orthogonal triad of unit vectors or base vectors.

1T I=1] I=1k =1

Rectangular components of a vector. When a
vector is resolved along two mutually perpen-
dicular directions, components so obtained are
called rectangular components of the given vector,

e

F o) e,

A
13
1

As shown in figure, if Amakes angle O with X-axis
. ~

and A, and A are the rectangular components of

A along X- and Y-axis respectively, then

-

A-—-Kx-l—xy:A,?-rAyf
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Also, A =Acos®, A, =Asin®

A=JA§'+ sz and tan&:%.
X

Any vector in three dimensions can be expressed
in terms of its rectangular components as

A=AT+Af+AR

Its magnitude, A=1/A_3+ A-§+ AL,

31. Scalar or dot product. The scalar or dot product of
two vectors A and Eisdeﬁmdas&\epmdwol
themagmtudesofﬁand Bandmsmofﬂleangle
8 between them. Thus

A.B=1A1Blcos 0= ABcos 0

It can be positive, negative or zero depending
upon the value of 8.

32. Geometrical interpretation of scalar product. The
scalar product of two vectors can be interpreted as
the product of magnitude of one vector and com-
ponent of the other vector along the first vector.

33. Properties of dot product of twe vectors :

(i) For parallel vectors,

puterl| oosewy) SN AB
(i) For antiparallel vectors,
0=180F, cos@=-1, A.B=-AB

(i) For perpendicular vectors,

0 = 90F, mse=o,__ Z-ﬁaﬂ
- =+ Al il
@ A(B+C)=A.B+A.C

(Distributive law)

34. mp-d-nhc.ul-mpm
Au,nAxr-i»Ay.f-l-Aj andB-BxH-By;-szf,
A B=AB+AB +AB
Angleﬂbetween';!’andgis:givmby

-

A.B

mez - ra g
Al BI
A Ay By ¥ ARG
JA3+A:+A3JB:+ Biq-Bf

35. Examples of dot product.
(i) Work done, W= F. §
(#1) Instantaneous power, P = F.7

- —»
36. Vector or cross product. For two vectors A and B
inclined at an angle 6, the vector or cross product is
defined as
- = 2
Ax B=ABsin On
where 11 is a unit vector perpendicular to the plane
of Aand B and its direction is that in which a right
handed mwadvanceswhmmtatedﬁom;{to B.
37. Mmhwofvmpmdm The

magnitude of the vector product of two vectors is
equal to (i) the area of the parallelogram formed by
the two vectors as its adjacent sides and (i) twice
the area of the triangle formed by the two vectors
as its adjacent sides.

38. Properties of cross product of two vectors :
(z) For parallel or antiparallel vectors,

0 =0 or 180°
- o, —P
Ax B=10
5 —» —
(i) Ax B= xA (Anti-commutative law)
(i) Kx(§+ E:"): A x B + A xC (Distributive law)
(iv):xf=fx;=f xf:ﬁ

A S
=7, k %1 =j

@i x] =k, jxk
(vi) Unit vector perpendicular to the plane of A

mdgisgivenby

=11
~n AxB

"=
-
|Ax Bl

(wir) Angleﬂhetweenz and B is given by

-+ g
O Kl I
- =
| Al} B

39. Cross product in Cartesian co-ordinates.
AxB=(Ai+ A+ Ak)x(BI+B]+BE)

T A8

A A A

B, B B

s filn (e -
(AB.-AB) ~(AB -AB)]
+(AB ~AB)E.

L}
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40.

41.

42.

Examples of cross product. (/) Moment of force or
torque,
—

? = ? x F
(if) Angular momentum,

L=7xp
Position and displacement vectors. The position
vector of an object in x-y plane is given by

— ¢ A
F=XF +¥]

and the displacement from position 1’ to position r'

is given by
AF =7 -F=(@x'-x)i +(V-y)] =Ax{ + Ay}

Velocity vector. If an object undergoes a displace-
mentAr’ in time At, its average velocity is given by

The velocity of an object at time ¢ is the limiting
value of the average velocity as At tends to zero.

i A7 47
T A0 Al dt
In component form, we have
3=g!+%j+ﬁﬁ
S _dy dz
wherevx—-ﬁ-, bt z”ﬁm‘i

(12 |= }ufijf.

When position of a particle is plotted on a coordi-
nate system, v is always tangent to the curve
representing the path of the particle.
Acceleration vector. If the velocity of an object
changes from o to v in time A, then its average
acceleration is given by

?—5’ Av

At At
Theucakrationﬁ’atanyﬁmeﬂsmelimitingvalue
of a as At tends to zero. So

r- S Y Av d?

at—+0 At dt
In component form, we have

E-—-ﬂl+¢}+ﬂ£

_dv, dv, dv
where, a, dl ny=F, az=z’-
and IE’|= nf+a:+af

45,

Equations of motion in vector form. For motion
with constant acceleration,

BT =gy+at

(if) r —r(,+a0l+%5't2
(i) ¥* ~0f =23 (7 - 1)
The motion in a plane with uniform acceleration
can be treated as the superposition of two separate

simultaneous one-dimensional motions along two
perpendicular directions.

Relative velocity. The relative velocity of an object
A with respect to object B when both are in motion,
is the rate of change of position of object A with
respect to object B.

(i) If the two objects are moving with velocities
v, and 7, with respect to the ground, then
Relative velocity of A w.rt. B

-+ - -

Vag =V4 ~ Vg
Relative velocity of Bw.r.t. A

—» - b

Usa =Yg 7Py

(i7) If the two objects A and B are moving with
velocities v, and 7, inclined at an angle 6
then magnitude of the relative velocity of A
w.r.t. Bis given by

UAB=J|FA[2+I'FD|2+2I5’4“-FBI008(1&)"—9)

= + vk
If the velocity v,, makes angle B with the velocity
FA,ﬂ\en

ZvA usmse

| - Uy | sin (180° - 8)

tanﬁ= —» -
|2 pl+|-v g|cos(180° ~6)

___vgsind

v 4 —Vgcos B
Projectile motion. Any body projected into space,
such that it moves under the effect of gravity alone
is called a projectile. The path followed by a projectile
is called its trajectory which is always a parabola.
A projectile executes two independent motions
simultaneously :

() uniform horizontal motion and

(i) uniform accelerated downward motion.
Projectile fired horizontally. Suppose a body is
projected horizontally with velocity u from a
height i above the ground. Let it reach the point
(x, ) after time §.
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48.

Then

(1) Position of the projectile after time f :
x=ut, y=%gt2

(if) Equation of trajectory : y=§£r,.x2

(1if) Velocity after time f :

3 -1 et
P:Ju‘ +gzlz; B =tan ]'gu-

ro 2
&

(v) Horizontal range, R=uxT =u Jg g
g

Projectile fired at an angle with the herizontal.
Suppose a projectile is fired with velocity u at an

(iv) Time of flight,

angle 8 with the horizontal. Let it reach the point-

(x, y) after time . Then
(i) Components of initial velocity :

u, =ucos , u, =usin@

(1f) Components of acceleration at any instant :
a,=0, 8, =—~2 '

(iti) Position after time / ; :
x=(ucos O)t, y=(usinO)t - ; gtz

(iv) Equation of trajectory :

=Xt - —, L S 2
Y T i o0
s 2
() Maximum height, H = i sin" @
(vi) Time of flight,  T=—mn®
g
(i) Horizontal range, R = Nsin 28
| g

(viii) Maximum horizontal range is attained at
0 = 45° and its value is

v
anax-g

(ix) Velocity after time ¢ :
v, =ucos B, v, =usin0-gt

49,

50.

51.

54.

§5.

| p= ’v?-i-v; and tanp:-;i—

(x) The velocity with which the projectile reaches

the horizontal plane through the point of

projection is same as the velocity of projection.
Uniform circular motion. When a body moves
along a circular path with uniform speed, its
motion is said to uniform circular motion.
Angular displacement. It is the angle swept out by
a radius vector in a given time interval.

Arc s

B(rad) = =~

) X i
Angular velocity. The angle swept out by the
radius vector per second is called angular velocity.

o= 9 or o= 92;91.
Time period and frequency: Time taken for one
complete revolution is called time period (T). The
number of revolutions completed per second is

called frequency
m=g=2nv
T

Relationship between v and w It is given by
v=ro ‘
e, Linear velocity = Radius xangular velocity.

Anguﬁi' acceleration and its relation with linear
acceleration, The rate of change of angular velocity
is called angular acceleration. It is given by

] B |
t—h
Also, a=ra
i.e. Linear acceleration
= Radius xangular acceleration

Centripetal acceleration. A body moving along a
circular path is acted upon by an acceleration direc-
ted towards the centre along the radius. This accelera-
tion is called centripetal acceleration. Itis given b

A= —=rot.

r

T IIT Entrance Exam |

The magnitude of the average velocity is

AN MULTIPLE CHOICE DQUESTIONS WITH

ONE CORREDT ANBWER A

1.In 1.0 5, a particle goes from point A
to point B, moving in a semicircle of
radius 1.0 m as shown in the figure.

() 3.14 m/s
(c) 1.0 m/s

(b) 2.0 m/s

(d) zero [T 99]

2. A particle P is sliding down a frictionless hemi-
spherical bowl. It passes the point A at t =0. At this
instant of time, the horizontal component of its
velocity is v. A bead Q of the same mass as P is ejected
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from A at t=0 along the
horizontal string AB with
speed v. Friction between
the bead and the string P

may be neglected. Let ¢,

and f, be the respective C
times taken by P and Q to

reach the point B Then

(@) tp < ko (b) tp = tQ
t Lenght of arc ACB

) = Cenght of chord AB
t ght of cho

() tp > tQ

[T 93]

3. A river is flowing from west to east at a speed of

5 metre per minute. A man on the south bank of the

river, capable of swimming at 10 metre per minute in

still water, wants to swim across the river in the
shortest time. He should swim in a direction
(@) due north (b) 30° east of north

(c) 30° west of north (d) 60° east of north  [1rT 83}

Answers and

| Displacement|
Time

1. (b) | Average velocity| =

2. (a) As the particle P moves from A to C, its
horizontal velocity increases from v. Again the hori-
zontal velocity decreases to v as P moves from C to B
But the horizontal velocity P remains greater than or
equal to . But the horizontal velocity of bead Q
remains constant equal to ». For same horizontal
displacement AB, P takes takes smaller time than Qi.e.,

tp < tq.

3. (a) Time taken to cross the river

d
v, cos@

f=

4. A boat which has a speed of 5 km/hr in still water
crosses a river of width 1 km along the shortest
possible path in 15 minutes. The velocity of the river
water in km/hr is

(a) 1 (b) 3

()4 (d) V41
M MULTIFLE CHDIDE QUESTIONS WITH

ONE OR MORE THAN ONE CORRERT

ANSWER

(1T 88)

5. The coordinates of a particle moving in a plane
are given by x(f) = acos pt and y(#) = bsin pt, where g, b
(<a) and p are positive constants of appropriate
dimensions. Then,

(a) the path of the particle is an ellipse.

(b) the velocity and acceleration of the particle are

normal to each other at t =n/2p

(c) the acceleration of the particle is always
directed towards a focus

(d) the distance travelled by the particle in time
interval t =0tot=n/2pisa [T 99]

Explanations

For t to be minimum, cos® should be maximum
8=0°

Hence the man should swim due north.

4. (b)

Le., cos@=1 or

I’R
Resultant velocity of boat,
1km
U=
15 min
= 1KE e kn R,
(1/4)h

Velocity of river,

iy 75
t’R— Uﬂ‘l'
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5. (a), (b) and (c)

x =acospt = % cos pt
a
y = bsin pt - % = sinpt
2 2
x_. + L =1
at b
Hence the path of the particle is an ellipse. Option
(a) holds good.
Now, 7P =xi+y]
or 7 = acospti + bsinpt|

— d? . [ A
(] ol =—apsin pti + bpcospt |

-3
&~ dv

Thus the velocity and acceleration
perpendicular to each other at t = 21 . Option (b) holds
P

are

good.
;
OB =t
AN
\ _/(-.m
Clearly, @ =-p(7)

Thus the acceleration is always directed towards
the origin. Option (c) holds good.

a =I=—a’jzcospff_bpzsinp'; Att=0, ﬂ\eparﬂdﬂi‘sat(ﬂ,())-
. Att =", the particle is at (0, b)
Atr:z—,wehave 2p

P

L Ra - Thus the distance covered is one-fourth of the

v.a =(-¢P§n55 )-('brsmii)iOA elliptical path. It is greater than a and not equal to a

[1.7 =0] Option (d) does not hold good.

i T
Ein.: T MEEE : —..'-v-»r.__._'_—::;..;':l-l

1. Two forces are such that the sum of their
magnitudes is 18 N and their resultant has magnitude
12 N and is perpendicular to the smaller force. Then
the magnitudes of the forces are

(@) 12N, 6 N (b) I3N,5N

(c)1I0N,8N (d) 16 N, 2N [AIEEE 02]

2. A particle is moving eastward with a velocity of
5ms ™. In 10 s, the velocity of the particle changes to
5ms~ northward. The average acceleration in this
time is

(a) :}_i ms~> towards north-west

(b) -J%ms"1 towards north-east

(c) -:‘Ems'2 towards north-west
(d) zero [AIEEE 05]

3.The coordinates of a moving Jparticle at any time
f are given by x=at’ and y=pt’. The speed of the
particle at time { is given by

(a) 3ty/a? + B2 (b) 312 a? + B2
(©) Pa?+p? (d) {a? +p°

where the letters have their usual meanings.
[AIEEE 03)

4. A boy playing on the roof of a 10 m high building
throws a ball with a speed of 10ms™ at an angle of 30°
with the horizontal. How far from the throwing point
will the ball be at the height of 10 m from the ground ?
Given that

g=10ms™%, sin30°=1/2, cos30°=+3/2.
(a) 520 m (b) 433 m
(¢) 2.60 m (d) 8.66 m [AIEEE 03]

5. A projectile can have the same range R for two
angles of projection. If t, and f, be the times of flight in
the two cases, then the product of the two times of

flight is directly proportional to
(@)1/ R? ®)1/R
(R (d) R? [AIEEE 04)

6. A ball is thrown from a point with a speed v, at
an angle of projection 8. From the same point and at the
same instant, a person starts running with a constant
speed v, /2 to catch the ball. Will the person be able to
catch the ball ? If yes, what should be the angle of
projection ?

(a) Yes, 60°

(c) No

(b) Yes, 30°

(d) Yes, 45° [AIEEE 04]
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7. A particle is projected at 60° to the horizontal
with a kinetic energy K. The kinetic energy at the
highest point is

(a) K/2

(c) zero

(b) K
(d) K/4

5. Which of the following statements is false for a
particle moving in a circle with a constant angular

speed ?

(a) The velocity vector is tangent to the circle

|AIEEE (7]

(b) The acceleration vector is tangent to the circle

(c) The acceleration vector points to the centre of
the circle

(d) The velocity and acceleration vectors are perpen-
dicular to each other [ATEEE 04]

9. A particle is acted upon by a force of constant
mag#itude, which is always perpendicular to the
velocity of the particle. The motion of the particle takes
place in a plane. It follows that

(a) its velocity is constant
(b) its acceleration is constant
(¢) its kinetic energy is constant

(d) it moves in a circular path ATEEL 04

10. A particle has an initial velocity of 3i+4 j and
an acceleration of 0.41 +03 f Its speed after 10 s is
() 7+/2 units (b) 7 units
(c) 8.5 units (d) 10 units
11. Consider a rubber ball freely falling from a
height it =4.9 m onto a horizontal elastic plate. Assume
that the duration of collision is negligible and the

collision with the plate is totally elastic. Then the
velocity as a function of time the height as function of

| AIEEE 09)

time will be
(a)
v v
i g m
(o] t [ >
(b)
v
h

> |
¥
h
I — |
[AIEEE 9]
12. A particle is moving with velocity

v = K(y i+ r?‘], where K is a constant. The general
equation for its path is
(a) _|,|r2 =x"+ constant (b) v =x + constant
(c) yz =x+constant (d) xy = constant
[AIEEE 20110)
13. For a particle in uniform circular motion, the
acceleration a at a point P(R,8)on the circle of radius

R is (Here 0 is measured from the x-axis)
2 2

2 A 2 A A A
i ] (b) ~cosB i+ sind}
R R

a) —i+—
(a) R R!

2 - 2 A
(c)-%sinan%cose,f

e . o A
———cosfi ——sinB;
(@ RC% ' Rsm ! JALEEE 2010]

14. A point P moves in counter-clockwise direction
on a crcular path as shown in the figure. The
movement of P is such that it sweeps out a length

VA

B

=y

s=t"+5, where s in metres and  is in seconds. The
radius of the path is 20 m. The acceleration of P when
t =2 s is nearly
(@) 14 m /s®
()12 m/ s°

(b)13m /s’

(d)72m/s*  |AIEEE 2010]
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Answers and Explanations

1. () Refer to the solution of Example 9 on Page 4.10. Just after collision velocity is upward and then
2. (4) Refer to the solution of Example 56 on page 4.36. becomes zero after some time and then negative. The
3. (b)) As x=af same process repeats, so v-f given in option (c) is correct.

dx

. 2
Again, s=ut+ %gt

0, =— =3at*
. h=49-1g?
Also,  y=pf ik
dy ’ So, h-t graph is a downward parabola as given in
0, = dt =3t option (c). Moreover, the collision is perfectly elastic.
So, the ball reaches <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>